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Abstract 

Classical non-relativistic mechanics in a general setting of time-dependent transforma- 
tions and reference frame changes is formulated in the terms of fibre bundles over the 
time-axis R. Connections on fibre bundles are the main ingredient in this formulation 
of mechanics which thus is covariant under reference frame transformations. The basic 
notions of a non-relativistic reference frame, a relative velocity, a free motion equation, 
a relative acceleration, an external force are formulated. Newtonian, Lagrangian, Hamil- 
tonian mechanical systems and the relations between them are defined. Lagrangian and 
Hamiltonian conservation laws are considered. 
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Introduction 



We address classical non-relativistic mechanics in a general setting of arbitrary time- 
dependent coordinate and reference frame transformations [15, 27]. 

The technique of symplectic manifolds is well known to provide the adequate Hamilto- 
nian formulation of autonomous mechanics [1, 26, 46]. Its familiar example is a mechanical 
system whose configuration space is a manifold M and whose phase space is the cotangent 
bundle T*M of M provided with the canonical symplectic form 

= dpi A dq\ (0.0.1) 

written with respect to the holonomic coordinates (q l ,Pi = qi) on T*M. A Hamiltonian 
H of this mechanical system is defined as a real function on a phase space T*M. Any 
autonomous Hamiltonian system locally is of this type. 

However, this Hamiltonian formulation of autonomous mechanics is not extended to 
mechanics under time-dependent transformations because the symplectic form (0.0.1) fails 
to be invariant under these transformations. As a palliative variant, one develops time- 
dependent mechanics on a configuration space Q = R x M where R is the time axis 
[6, 25]. Its phase space R x T*M is provided with the presymplectic form pr^fi = dpi A dq l 
which is the pull-back of the canonical symplectic form Q (0.0.1) on T*M. However, this 
presymplectic form also is broken by time-dependent transformations. 

We consider non-relativistic mechanics whose configuration space is a fibre bundle 
Q — > R over the time axis R endowed with the standard Cartesian coordinate t possessing 
transition functions t' = t+const. A velocity space of non-relativistic mechanics is the first 
order jet manifold J l Q of sections of Q — > R, and its phase space is the vertical cotangent 
bundle V*Q of Q — > R endowed with the canonical Poisson structure [27, 15, 40]. 

A fibre bundle Q — > R is always trivial. Its trivialization defines both an appropriate 
coordinate systems and a connection on this fibre bundle which is associated with a 
certain non-relativistic reference frame. Formulated as theory on fibre bundles over R, 
non-relativistic mechanics is covariant under gauge (atlas) transformations of these fibre 
bundles, i.e., time-dependent coordinate and reference frame transformations. 

This formulation of mechanics is similar to that of classical field theory on fibre bundles 
over a smooth manifold X, dimX > 1, [14]. A difference between mechanics and field 
theory, however, lies in the fact that all connections on fibre bundles over R are flat and, 
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consequently, they are not dynamic variables. Therefore, formulation of non-relativistic 
mechanics is covariant, but not invariant under time-dependent transformations. 

Equations of motion of non-relativistic mechanics almost always are first and second 
order dynamic equations. Second order dynamic equations on a fibre bundle Q — > R are 
conventionally defined as the holonomic connections on the jet bundle J l Q —¥ R. These 
equations also are represented by connections on the jet bundle J X Q — > Q. The notions of 
a free motion equation and a relative acceleration are formulated in terms of connections 
on J l Q -> Q and TQ ->■ Q. 

Generalizing the second Newton law, one introduces the notion of a Newtonian system 
characterized by a mass tensor. If a mass tensor is non-degenerate, an equation of motion 
of a Newtonian system is equivalent to a dynamic equation. We also come to the definition 
of an external force. 

Lagrangian non-relativistic mechanics is formulated in the framework of conventional 
Lagrangian formalism on fibre bundles [8, 14, 15, 27]. Its Lagrangian is defined as a density 
on the velocity space J X Q, and the corresponding Lagrange equation is a second order 
differential equations on Q — > R. Besides Lagrange equations, the Cartan and Hamilton- 
De Donder equations are considered in the framework of Lagrangian formalism. Note that 
the Cartan equation, but not the Lagrange one is associated to the Hamilton equation. 
The relations between Lagrangian and Newtonian systems are established. Lagrangian 
conservation laws are defined in accordance with the first Noether theorem. 

Hamiltonian mechanics on a phase space V*Q is not familiar Poisson Hamiltonian 
theory on a Poisson manifold V*Q because all Hamiltonian vector fields on V*Q are 
vertical. Hamiltonian mechanics on V*Q is formulated as particular (polysymplectic) 
Hamiltonian formalism on fibre bundles [8, 14, 15, 27]. Its Hamiltonian is a section of the 
fibre bundle T*Q ->■ V*Q. The pull-back of the canonical Liouville form on T*Q with 
respect to this section is a Hamiltonian one-form on V*Q. The corresponding Hamiltonian 
connection on V*Q — > R defines the first order Hamilton equations on V*Q. 

Note that one can associate to any Hamiltonian system on V*Q an autonomous sym- 
plectic Hamiltonian system on the cotangent bundle T*Q such that the corresponding 
Hamilton equations on V*Q and T*Q are equivalent. Moreover, the Hamilton equations 
on V*Q also are equivalent to the Lagrange equations of a certain first order Lagrangian 
system on a configuration space V*Q. As a consequence, Hamiltonian conservation laws 
can be formulated as the particular Lagrangian ones. 

Lagrangian and Hamiltonian formulations of mechanics fail to be equivalent, unless a 
Lagrangian is hyperregular. If a Lagrangian L on a velocity space J X Q is hyperregullar, 
one can associate to L an unique Hamiltonian form on a phase space V*Q such that 
Lagarange equations on Q and the Hamilton equations V*Q are equivalent. In general, 
different Hamiltonian forms are associated to a non-regular Lagrangian. The comprehen- 
sive relations between Lagrangian and Hamiltonian systems can be established in the case 
of almost regular Lagrangians. 



Chapter 1 
Dynamic equations 



Equations of motion of non-relativistic mechanics are first and second order differential 
equations on manifolds and fibre bundles over R. Almost always, they are dynamic 
equations. Their solutions are called a motion. 

This Chapter is devoted to theory of second order dynamic equations in mechanics 
whose configuration space is a fibre bundle Q — > R. They are defined as the holonomic 
connections on the jet bundle J l Q — > R (Section f .4). These equations are represented 
by connections on the jet bundle J X Q — > Q. Due to the canonical imbedding J l Q — > TQ 
(1.1.6), they are proved equivalent to non-relativistic geodesic equations on the tangent 
bundle TQ of Q (Theorem 1.5.2). 

The notions of a non-relativistic reference frame, a relative velocity, a free motion 
equation and a relative acceleration are formulated in terms of connections on Q — > R, 
J X Q ->• Q and TQ ->■ Q. 

Generalizing the second Newton law, we introduce the notion of a Newtonian system 
(Definition 1.9.1) characterized by a mass tensor. If a mass tensor is non-degenerate, 
an equation of motion of a Newtonian system is equivalent to a dynamic equation. The 
notion of an external force also is formulated. 

1.1 Preliminary. Fibre bundles over R 

This section summarizes some peculiarities of fibre bundles over R. 



be a fibred manifold whose base is treated as a time axis. Throughout the book, the 
time axis R is parameterized by the Cartesian coordinate t with the transition functions 
t' = t+const. Relative to the Cartesian coordinate t, the time axis R is provided with the 
standard vector field d t and the standard one-form dt which also is the volume element 



Let 



7T : Q ->■ R 
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on R. The symbol dt also stands for any pull-back of the standard one-form dt onto a 
fibre bundle over R. 

In order that the dynamics of a mechanical system can be defined at any instant t G R, 
we further assume that a fibred manifold Q — > R is a fibre bundle with a typical fibre M. 

Remark 1.1.1: In accordance with Remark 4.3.1, a fibred manifold Q — > R is a fibre bundle 
iff it admits an Ehresmann connection T, i.e., the horizontal lift Tdt onto Q of the standard 
vector field dt on R is complete. By virtue of Theorem 4.1.5, any fibre bundle Q — > R is trivial. 
Its different trivializations 

ip:Q = RxM (1.1.2) 

differ from each other in fibrations Q — > M. 

Given bundle coordinates (t, q l ) on the fibre bundle Q — > R (1.1.1), the first order jet 
manifold J l Q of Q — > R is provided with the adapted coordinates (t, q\ q l t ) possessing 
transition functions (4.2.1) which read 

q'; = {d t + qid 3 )q'\ (1.1.3) 

In mechanics on a configuration space Q — > R, the jet manifold J l Q plays a role of the 
velocity space. 

Note that, if Q = R x M coordinated by (£,(f), there is the canonical isomorphism 
J l (R x M) = R x TM, q\ = if, (1.1.4) 

that one can justify by inspection of the transition functions of the coordinates 7f t and 
if when transition functions of q % are time-independent. Due to the isomorphism (1.1.4), 
every trivialization (1.1.2) yields the corresponding trivialization of the jet manifold 

J 1 Q = RxTM. (1.1.5) 

The canonical imbedding (4.2.5) of J l Q takes the form 

A (1) : J'Q TQ, A (1) : (t, q\ q\) (t, q\ i = l,q* = ql), (1.1.6) 

A ( i) = dt = $ + (1.1.7) 

where by c? f is meant the total derivative. From now on, a jet manifold J X Q is identified 
with its image in TQ. Using the morphism (1.1.6), one can define the contraction 

J X Q x T*Q ^Q x R, 
Q Q 

(ql; t, ft) -)■ A ( i)J (tdt + ftdg 4 ) = t + gjft, (1.1.8) 

where (t, q l ,i,qi) are holonomic coordinates on the cotangent bundle T*Q. 

A glance at the expression (1.1.6) shows that the affine jet bundle J l Q — > Q is modelled 
over the vertical tangent bundle VQ of a fibre bundle Q — > R. As a consequence, there 
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is the following canonical splitting (4.1.27) of the vertical tangent bundle VqJ x Q of the 
affine jet bundle J l Q — > Q: 

a:V Q J 1 Q = J'QxVQ, a{d\) = d u (1.1.9) 
Q 

together with the corresponding splitting of the vertical cotangent bundle VqJ 1 Q of 
•/'O >(): 

a* :VqJ x Q = J 1 QxV*Q, a*{dq\) = dq\ (1.1.10) 

Q 

where dq\ and dq % are the holonomic bases for VqJ x Q and V*Q, respectively. Then the 
exact sequence (4.3.30) of vertical bundles over the composite fibre bundle 

J l Q — >Q — >R (1.1.11) 

reads 



I 1 

^Vn^Q -^VJ X Q ^^QxVQ — >0. 

Q 

Hence, we obtain the following linear endomorphism over J X Q of the vertical tangent 
bundle V J l Q of the jet bundle J l Q ->■ R: 

v =i oa- 1 o vry : VJ X Q ->■ V^Q, (1.1.12) 
= = 0. 

This endomorphism obeys the nilpotency rule v o C> = 0. 

Combining the canonical horizontal splitting (4.1.27), the corresponding epimorphism 

pr 2 : J l Q xTQ^ J l Q xVQ = V Q J l Q, 
Q Q 

d t ->■ -q\dl di^dl 

and the monomorphism V J X Q — > TJ X Q, one can extend the endomorphism (1.1.12) to 
the tangent bundle TJ X Q: 

v : TJ X Q ->■ TJ X Q, 

v{d t ) = -q\dl m) = dl v(%) = 0. (1.1.13) 

This is called the vertical endomorphism. It inherits the nilpotency property. The trans- 
pose of the vertical endomorphism v (1.1.13) is 

v* : T*J X Q ->■ T*J X Q, 

v*{dt) = 0, £*(<^) = 0, £*(<^) = 9\ (1.1.14) 
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where 9 l = dq l — q\dt are the contact forms (4.2.6). The nilpotency rule £>* o v* = also is 
fulfilled. The homomorphisms v and v* are associated with the tangent-valued one-form 
v — 6 l <S> Q\ in accordance with the relations (4.1.46) - (4.1.47). 
In view of the morphism A(i) (1.1.6), any connection 

r = dt <g> (d t + rdi) (1.1.15) 

on a fibre bundle Q — > R can be identified with a nowhere vanishing horizontal vector 
field 

r = ^ + r i 9 i (1.1.16) 

on Q which is the horizontal lift Td t (4.3.3) of the standard vector field d t on R by means 
of the connection (1.1.15). Conversely, any vector field r on Q such that dt\F — 1 defines 
a connection on Q — > R. Therefore, the connections (1.1.15) further are identified with 
the vector fields (1.1.16). The integral curves of the vector field (1.1.16) coincide with the 
integral sections for the connection (1.1.15). 

Connections on a fibre bundle Q — > R constitute an affine space modelled over the 
vector space of vertical vector fields on Q — > R. Accordingly, the covariant differential 
(4.3.8), associated with a connection r on Q — > R, takes its values into the vertical tangent 
bundle VQ of Q ->■ R: 

D r :J 1 Q^VQ, q i oD r = qi-T i . (1.1.17) 

Q 

A connection T on a fibre bundle Q — > R is obviously flat. It yields a horizontal 
distribution on Q. The integral manifolds of this distribution are integral curves of the 
vector field (1.1.16) which are transversal to fibres of a fibre bundle Q — > R. 

Theorem 1.1.1: By virtue of Theorem 4.3.1, every connection T on a fibre bundle Q — > R 
defines an atlas of local constant trivializations of Q — > R such that the associated bundle 
coordinates (t, q l ) on Q possess the transition functions q l — > q' l {q^) independent of t, and 

T = d t (1.1.18) 

with respect to these coordinates. Conversely, every atlas of local constant trivializations 
of the fibre bundle Q — > R determines a connection on Q — > R which is equal to (1.1.18) 
relative to this atlas. □ 

A connection T on a fibre bundle Q — > R is said to be complete if the horizontal vector 
field (1.1.16) is complete. In accordance with Remark 4.3.1, a connection on a fibre bundle 
Q — > R is complete iff it is an Ehresmann connection. The following holds [15, 27]. 

THEOREM 1.1.2: Every trivialization of a fibre bundle Q — > R yields a complete con- 
nection on this fibre bundle. Conversely, every complete connection r on Q — > R defines 
its trivialization (1.1.2) such that the horizontal vector field (1.1.16) equals d t relative to 
the bundle coordinates associated with this trivialization. □ 
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Let ^J l Q be the repeated jet manifold of a fibre bundle Q — > M provided with the 
adapted coordinates (t,q\ql,ql,ql t ) possessing transition functions 

q« = d t q'\ gf = d t q'\ q% = d t q' t \ 

d t = d t + qfdj + q{ t d], d t = d t + qld 3 + q{ t d). 

There is the canonical isomorphism k between the affine flbrations 7r n (4.2. fO) and J 1 ^ 
(4.2. ff) of J X J X Q over J X Q, i.e., 

7Tn o k = Jo7r i, k o k = Id J 1 J l Q, 

where 

qi°k = qi, qiok = ql, q\ t o k = q\ t . (1. 1. 19) 

In particular, the affine bundle tt u (4.2.10) is modelled over the vertical tangent bundle 
VJ X Q of J X Q R which is canonically isomorphic to the underlying vector bundle 
J X VQ ->■ J x g of the affine bundle J 1 ^ 1 (4.2. If). 

For a fibre bundle Q — > 1R, the sesquiholonomic jet manifold J 2 Q coincides with the 
second order jet manifold J 2 Q coordinated by (t, q\ q l t , q l tt ), possessing transition functions 

q't l = d t q'\ 4L = d t q'l (1.1.20) 

The affine bundle J 2 Q — > J l Q is modelled over the vertical tangent bundle 

VqJ'Q = J X Q xVQ^ J X Q 
Q 

of the affine jet bundle .^Q — > Q. There are the imbeddings 

J 2 Q ^T^Q ^VqTQ = T 2 Q c TTQ, 
A( 2 ) : (*, q\ ql qlt) ^ (t, q\ q\, i = 1, q' = q\, q\ = q^), 
TA (1) o A (2) : (t, q\ ql, q % tt ) -)• 

(t,q\i = i = l,q* = q* = ql,i = 0,q i = ql t ), 

where: (i) (t, q\ i, q\ t, q*, i, q % ) are the coordinates on the double tangent bundle TTQ, (ii) 
by VqTQ is meant the vertical tangent bundle of TQ Q, and (iii) T 2 Q C TTQ is the 
second order tangent space given by the coordinate relation t = t. 

Due to the morphism (1.1.21), any connection £ on the jet bundle J 1 ^ — >■ IR (defined 
as a section of the affine bundle 7Tn (4.2.10)) is represented by a horizontal vector field 
on J X Q such that £\dt — 1. 

A connection T (1.1.16) on a fibre bundle Q — >• IR has the jet prolongation to the 
section J x r of the affine bundle J 1 ^. By virtue of the isomorphism k (1.1.19), every 
connection r on Q — > IR gives rise to the connection 



(1.1.21) 
(1.1.22) 



JT = koJ 1 T: J X Q -> J 1 J x g, JT = d t + rdt + dtVdl, 



(1.1.23) 
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on the jet bundle J X Q ->■ R. 

A connection on the jet bundle J X Q — >■ R is said to be holonomic if it is a section 

of the holonomic subbundle J 2 Q — > of J X J X Q — )■ J X Q. In view of the morphism 
(1.1.21), a holonomic connection is represented by a horizontal vector field 

Z = d t + qld t + edi (1.1.24) 

on J 1 ^. Conversely, every vector field £ on J X Q such that 

d*|£ = i, o(0 = o, 

where w is the vertical endomorphism (1.1.13), is a holonomic connection on the jet bundle 
J l Q ->■ R. 

Holonomic connections (1.1.24) make up an affine space modelled over the linear space 
of vertical vector fields on the affine jet bundle J l Q — > Q, i.e., which live in VqJ 1 Q. 

A holonomic connection £ defines the corresponding covariant differential (1.1.17) on 
the jet manifold ^Q: 

: J X J X Q ^V Q J X Q C VJ*Q, 

J Q 

g l o^ = 0, qloDZ = ql t -C, 

which takes its values into the vertical tangent bundle VqJ 1 Q of the jet bundle J X Q — > Q. 
Then by virtue of Theorem 4.2.1, any integral section c : () — > J l Q for a holonomic 
connection £ is holonomic, i.e., c = c where c is a curve in Q. 



1.2 Autonomous dynamic equations 

Let us start with dynamic equations on a manifold. From the physical viewpoint, they 
are treated as autonomous dynamic equations in autonomous mechanics. 
Let Z, dimZ > 1, be a smooth manifold coordinated by (z x ). 

Definition 1.2.1: Let u be a vector field u on Z. A closed subbundle u{Z) of the 
tangent bundle TZ given by the coordinate relations 

z x =u x (z) (1.2.1) 

is said to be an autonomous first order dynamic equation on a manifold Z. This is a 
system of first order differential equations on a fibre bundle R x Z — > R in accordance 
with Definition 4.2.6. □ 

By a solution of the autonomous first order dynamic equation (1.2.1) is meant an 
integral curve of the vector field u. 
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Definition 1.2.2: An autonomous second order dynamic equation on a manifold Z is 
defined as a first order dynamic equation on the tangent bundle TZ which is associated 
with a holonomic vector field 

S = i A 9 A + S A (^,^)9 A (1.2.2) 

on TZ. This vector field, by definition, obeys the condition J(S) = u TZ , where J is the 
endomorphism (4.1.49) and u T z is the Liouville vector field (4.1.34) on TZ. □ 

The holonomic vector field (1.2.2) also is called the autonomous second order dynamic 
equation. 

Let the double tangent bundle TTZ be provided with coordinates (z x , i A , z A , z x ). With 
respect to these coordinates, the autonomous second order dynamic equation defined by 
the holonomic vector field S (1.2.2) reads 

z A = i A , z x = Z x (z»,z»). (1.2.3) 

By a solution of the second order dynamic equation (1.2.3) is meant a curve c :(,)—>■ Z 
in a manifold Z whose tangent prolongation c : (, ) — » TZ is an integral curve of the 
holonomic vector field S or, equivalently, whose second order tangent prolongation c lives 
in the subbundle (1.2.3). It satisfies an autonomous second order differential equation 

c A (t) = ~V(t),c^)). 

Second order dynamic equations on a manifold Z are exemplified by geodesic equations 
on the tangent bundle TZ. 
Given a connection 

K = dz»® (<9 M + K;d u ) (1.2.4) 
on the tangent bundle TZ — > Z, let 

K : TZ x TZ — >■ TTZ (1.2.5) 

z 

be the corresponding linear bundle morphism over TZ which splits the exact sequence 

— >V Z TZ — >TTZ — >TZxTZ — >0. 

z 

Note that, in contrast with K (4.3.20), the connection K (1.2.4) need not be linear. 

Definition 1.2.3: A geodesic equation on TZ with respect to the connection K (1.2.4) 
is defined as the range 

z A = i\ F = K»z u (1.2.6) 

of the morphism (1.2.5) restricted to the diagonal TZ C TZ x TZ. □ 
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By a solution of a geodesic equation on TZ is meant a geodesic curve c in Z whose 
tangent prolongation c is an integral section (a geodesic vector field) over c C Z for a 
connection JT. 

It is readily observed that the morphism K\tz is a holonomic vector field on TZ. It 
follows that any geodesic equation (1.2.5) on TZ is a second order equation on Z. The 
converse is not true in general. Nevertheless, there is the following theorem [35]. 

Theorem 1.2.4: Every second order dynamic equation (1.2.3) on a manifold Z defines 
a connection on the tangent bundle TZ — > Z whose components are 



However, the autonomous second order dynamic equation (1.2.3) fails to be a geodesic 
equation with respect to the connection (1.2.7) in general. In particular, the geodesic 
equation (1.2.6) with respect to a connection K determines the connection (1.2.7) on 
TZ — > Z which does not necessarily coincide with K. 

Theorem 1.2.5: A second order equation S on Z is a geodesic equation for the connection 
(1.2.7) iff S is a spray, i.e., [utz, S] = S, where utz is the Liouville vector field (4.1.34) 
on TZ, i.e., 



and the connection K (1.2.7) is linear. □ 
1.3 Dynamic equations 

Let Q — > X (1.1.1) be a configuration space of non-relativistic mechanics. Refereing to 
Definition 4.2.6 of a differential equation on a fibre bundle, one defines a dynamic equation 
on Q — > R as a differential equation which is algebraically solved for the highest order 
derivatives. 

DEFINITION 1.3.1: Let r (1.1.16) be a connection on a fibre bundle Y ->■ R. The 
corresponding covariant differential D T (1.1.17) is a first order differential operator on Y. 
Its kernel, given by the coordinate equation 



2 " ' 



(1.2.7) 



□ 



(1.3.1) 



is a closed subbundle of the jet bundle J X Y — > R. By virtue of Definition 4.2.6, it is a 
first order differential equation on a fibre bundle Y — > R called the first order dynamic 
equation on Y — > R. □ 



1.3. DYNAMIC EQUATIONS 



13 



Due to the canonical imbedding .^Q — > TQ (1.1.6), the equation (1.3.1) is equivalent 
to the autonomous first order dynamic equation 

t = l, q l = r(t,q l ) (1.3.2) 

on a manifold Y (Definition 1.2.2). It is defined by the vector field (1.1.16). Solutions of 
the first order dynamic equation (1.3.1) are integral sections for a connection T. 

Definition 1.3.2: Let us consider the first order dynamic equation (1.3.1) on the jet 
bundle J l Q — > R, which is associated with a holonomic connection £ (1.1.24) on J l Q — > R. 
This is a closed subbundle of the second order jet bundle J 2 Q — > M given by the coordinate 
relations 

qlt = C(t,q 3 ,ql). (1.3.3) 

Consequently, it is a second order differential equation on a fibre bundle Q — > R in 
accordance with Definition 4.2.6. This equation is called a second order dynamic equation 
or, simply, a dynamic equation if there is no danger of confusion. The corresponding 
horizontal vector field £ (1.1.24) also is termed a dynamic equation. □ 

The second order dynamic equation (1.3.3) possesses the coordinate transformation 

law 

q'u = i'\ C l = (gdj + q\q k t d,d k + 2q\d 3 d t + d 2 )q H (t, q>), (1.3.4) 

derived from the formula (1.1.20). 

A solution of the dynamic equation (1.3.3) is a curve c in Q whose second order jet 
prolongation c lives in (1.3.3). Any integral section c for the holonomic connection £ 
obviously is the jet prolongation c of a solution c of the dynamic equation (1.3.3), i.e., 

? = foc, (1.3.5) 

and vice versa. 

Remark 1.3.1: By very definition, the second order dynamic equation (1.3.3) on a fibre bundle 
Q — s- R is equivalent to the system of first order differential equations 

ti = 4, qit=e(t,qi,qi), (1.3.6) 

on the jet bundle J l Q — >■ R. Any solution c of these equations takes its values into J 2 Q and, by 
virtue of Theorem 4.2.1, is holonomic, i.e., c = c. The equations (1.3.3) and (1.3.6) are therefore 
equivalent. 

A dynamic equation £ on a fibre bundle Q — > R is said to be conservative if there exist 
a trivialization (1.1.2) of Q and the corresponding trivialization (1.1.5) of J X Q such that 
the vector field £ (1.1.24) on J 1 ^ is projectable over M. Then this projection 

^ = q% + C(q^q')d t 
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is an autonomous second order dynamic equation on the typical fibre M of Q — > R in 
accordance with Definition 1.2.2. Conversely, every autonomous second order dynamic 
equation S (1.2.2) on a manifold M can be seen as a conservative dynamic equation 

Z s = d t + q% + Z% (1.3.7) 

on the fibre bundle R x M — > R in accordance with the isomorphism (1.1.5). 
The following theorem holds [15, 27]. 

THEOREM 1.3.3: Any dynamic equation £ (1.3.3) on a fibre bundle Q — > R is equivalent 
to an autonomous second order dynamic equation S on a manifold Q which makes the 
diagram 

J2Q — >T 2 Q 

e a 
J X Q ^> tq 

commutative and obeys the relations 

e = Z%q\i = l,qi = ql), S* = 0. 
Accordingly, the dynamic equation (1.3.3) is written in the form 

Itt = " lt=l,gJ=^') 

which is equivalent to the autonomous second order dynamic equation 

i=0, i = l, q l = ^\ (1.3.8) 
on Q. □ 

1.4 Dynamic connections 

In order to say something more, let us consider the relationship between the holonomic 
connections on the jet bundle J X Q — > R and the connections on the affine jet bundle 
J X Q — >• Q (see Propositions 1.4.1 and 1.4.2 below). 

By JqJ x Q throughout is meant the first order jet manifold of the affine jet bundle 
J l Q —¥ Q. The adapted coordinates on JqJ x Q are (q x , q\, q\ t ), where we use the compact 
notation A = (0, i), q° = t. Let 

7 : J'Q -+ J'qJ'Q 

be a connection on the affine jet bundle J l Q — > Q. It takes the coordinate form 



1 = dq x ®(d x + 1 \d\), 



(1.4.1) 
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together with the coordinate transformation law 

lx = (d^'X + d»q?)^. (1.4.2) 

Remark 1.4.1: In view of the canonical splitting (1.1.9), the curvature (4.3.13) of the con- 
nection 7 (1.4.1) reads 

R : J X Q ^ AT*Q <g> VQ, 

R = ^R\^dq X A dq» ® d t = Qi^jV A dq> + i^-dt A dg*) ® 

^ = ^ " « + 7&7j " 7^71 ■ (1.4.3) 
Using the contraction (1.1.8), we obtain the soldering form 
\l)\R = l(Ry? + RijW - R l Q3 qldt\ ® $ 

on the affine jet bundle J X Q — >■ Q. Its image by the canonical projection T*Q — >• V*Q (2.2.5) is 
the tensor field 

R:J l Q^ V*Q ®VQ, R= (IP kj q* + R^dqi (1.4.4) 
Q 

and then we come to the scalar field 

R-.J'Q^R, R = R{d + Rhu (1-4-5) 
on the jet manifold J 1 ^. <0> 

Proposition 1.4.1: Any connection 7 (1.4.1) on the affine jet bundle J X Q — > Q defines 
the holonomic connection 

e 7 = po 7 : J l Q -> Jij x g J 2 Q, (1.4.6) 
ey = ft + ^ + (7j + rfT})flf, 

on the jet bundle J 1 ^ ->■ R. □ 

Proof: Let us consider the composite fibre bundle (1.1.11) and the morphism p (4.3.25) which 
reads 

p : J'qJ'Q 3 (q\ql,q\ t ) ^ = qUtt = lit + 4q)t) G j2 Q- (1-4-7) 

A connection 7 (1.4.1) and the morphism p (1.4.7) combine into the desired holonomic connection 
£ 7 (1.4.6) on the jet bundle J X Q -> R. QED 

It follows that every connection 7 (1.4.1) on the affine jet bundle J X Q — > Q yields the 
dynamic equation 

?L = 75 + «frj (1-4-8) 
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on the configuration bundle Q — > R. This is precisely the restriction to J 2 Q of the kernel 
KerD 7 of the vertical covariant differential D 1 (4.3.34) defined by the connection 7: 



-D 7 : J J Q VqJ'Q, q l t o £> ■ 



(1.4.9) 



Qtt-lo- Ttlj- 

Therefore, connections on the jet bundle J l Q —¥ Q are called the dynamic connections. 
The corresponding equation (1.3.5) can be written in the form 

c l = p o 7 o c, 

where p is the morphism (1.4.7). 

Of course, different dynamic connections can lead to the same dynamic equation 
(1.4.8). 

PROPOSITION 1.4.2: Any holonomic connection £ (1.1.24) on the jet bundle J X Q — > R 
yields the dynamic connection 



7 5 = dt (g) 



o t + (e - ^ajm 



+ dq j ® 



1.4.10) 



on the affine jet bundle J X Q ->■ Q [15, 27]. □ 

It is readily observed that the dynamic connection 75 (1.4.10), defined by a dynamic 
equation, possesses the property 



7i 



1.4.11) 



which implies the relation <9*7 4 fc = d\^. Therefore, a dynamic connection 7, obeying the 
condition (1.4.11), is said to be symmetric. The torsion of a dynamic connection 7 is 
defined as the tensor field 



T:J l Q^ V*Q®VQ, 
Q 



T = T t k dq l <g) d k , 



t? = 7* - aho - rf'afri ■ 



'1.4.12) 



It follows at once that a dynamic connection is symmetric iff its torsion vanishes. 

Let 7 be the dynamic connection (1.4.1) and £ 7 the corresponding dynamic equation 
(1.4.6). Then the dynamic connection (1.4.10) associated with the dynamic equation £ 7 
takes the form 



7 o = To + 9^7* 



It is readily observed that 7 = 7^ iff the torsion T (1.4.12) of the dynamic connection 7 
vanishes. 

Example 1.4.2: Since a jet bundle J X Q — s- Q is affine, it admits an affine connection 

l = dq X ® [d x + (7lo(9 M ) + liMWtWt}. (1.4.13) 
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This connection is symmetric iff 7^ = 7^ A . One can easily justify that an affine dynamic 
connection generates a quadratic dynamic equation, and vice versa. Nevertheless, a non-affine 
dynamic connection, whose symmetric part is affine, also defines a quadratic dynamic equation. 



Using the notion of a dynamic connection, we can modify Theorem 1.2.4 as follows. 
Let S be an autonomous second order dynamic equation on a manifold M, and let £~ 
(1.3.7) be the corresponding conservative dynamic equation on the bundle K x I -> R. 
The latter yields the dynamic connection 7 (1.4.10) on a fibre bundle 

R x TM ->■ R x M. 

Its components 7* are exactly those of the connection (1.2.7) on the tangent bundle 
TM — >■ M in Theorem 1.2.4, while 7q make up a vertical vector field 




(1.4.14) 



on TM — y M. Thus, we have shown the following. 

PROPOSITION 1.4.3: Every autonomous second order dynamic equation S (1.2.3) on a 
manifold M admits the decomposition 

S* = K}q j + e l 

where K is the connection (1.2.7) on the tangent bundle TM — > M, and e is the vertical 
vector field (1.4.14) on TM -> M. □ 



1.5 Non-relativistic geodesic equations 

In this Section, we aim to show that every dynamic equation on a configuration bundle 
Q — > R is equivalent to a geodesic equation on the tangent bundle TQ — > Q. 

We start with the relation between the dynamic connections 7 on the affine jet bundle 
J X Q — >• Q and the connections 

K = dq x ®(d x + KZdJ (1.5.1) 

on the tangent bundle TQ — > Q of the configuration space Q. Note that they need not 
be linear. We follow the compact notation (4.1.30). 
Let us consider the diagram 

J'qJ'Q^ J'qTQ 

7 ( k (1.5.2) 

J l Q H TQ 
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where JqTQ is the first order jet manifold of the tangent bundle TQ — > Q, coordinated 
I'.v 

(t,q\i,q\(i)„(q 1 ),). 
The jet prolongation over Q of the canonical imbedding A(i) (1.1.6) reads 

^A(i) : (t, q\ qi q%) H- (t, q\ i = l,q* = q*, = 0, (<j% = q%). 
Then we have 

J^d) o 7 : (t, q\ ql) ^ (t, q\ i = l,q l = qi (t)„ = 0, (q% = ^), 
K o A (1) : (t, q\ q^ H- (t, q\ t = l,q' = ql, (i), = K% (g% = K^). 

It follows that the diagram (1.5.2) can be commutative only if the components K ^ of the 
connection K (1.5.1) on the tangent bundle TQ — > Q vanish. 

Since the transition functions t — >■ t' are independent of q\ a connection 

K = dq x ® (d x + K{di) (1.5.3) 

with K® = may exist on the tangent bundle TQ — > Q in accordance with the transfor- 
mation law 

K'{ = (d 3 q'^ + d^)^- x . (1.5.4) 

Now the diagram (1.5.2) becomes commutative if the connections 7 and K fulfill the 
relation 

% = 4 o A (1) = g\ * = 1,«* = qi). (1.5.5) 

It is easily seen that this relation holds globally because the substitution of q 1 = ql in 
(1.5.4) restates the transformation law (1.4.2) of a connection on the afline jetjjundle 
J X Q — > Q. In accordance with the relation (1.5.5), the desired connection K is an 
extension of the section J X A o 7 of the affine jet bundle JqTQ — > TQ over the closed 
submanifold J 1 ^ C TQ to a global section. Such an extension always exists by virtue of 
Theorem 4.1.2, but it is not unique. Thus, we have proved the following. 

Proposition 1.5.1: In accordance with the relation (1.5.5), every dynamic equation on 
a configuration bundle Q — > K. can be written in the form 

qi t = Kio\ il) + q>K i j o\ il) , (1.5.6) 

where K isj4ie connection (1.5.3) on the tangent bundle TQ — > Q. Conversely, each 
connection K (1.5.3) on TQ — > Q defines the dynamic connection 7 (1.5.5) on the affine 
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jet bundle J X Q — > Q and the dynamic equation (1.5.6) on a configuration bundle Q — > R. 
□ 

Then we come to the following theorem. 

THEOREM 1.5.2: Every dynamic equation (1.3.3) on a configuration bundle Q — > R is 
equivalent to the geodesic equation 

if = 0, q° = 1, 

¥ = K i x (<f,?)q x , (1.5.7) 

on the tangent bundle TQ relative to a connection K with the components K® = and 
K\ (1.5.5). Its solution is a geodesic curve in Q which also obeys the dynamic equation 
(1.5.6), and vice versa. □ 

In accordance with this theorem, the autonomous second order equation (1.3.8) in 
Theorem 1.3.3 can be chosen as a geodesic equation. It should be emphasized that, 
written in the bundle coordinates (t, q l ), the geodesic equation (1.5.7) and the connection 
K (1.5.5) are well defined with respect to any coordinates on Q. 

From the physical viewpoint, the most relevant dynamic equations are the quadratic 
ones 

C = a%(qndqt + b)(<f)<d + (1.5.8) 

This property is global due to the transformation law (1.3.4). Then one can use the 
following two facts. 

Proposition 1.5.3: There is one-to-one correspondence between the affine connections 
7 on the affine jet bundle J l Q — > Q and the linear connections K (1.5.3) on the tangent 
bundle TQ ->■ Q. □ 

Proof: This correspondence is given by the relation (1.5.5), written in the form 

7; = iU + 1%4 = Kj Q {q v )i + iVi(^y'ii=i,^ = 

Vo(9") + Vi(Oi 
i.e., 7 ^ A = Kj x . QED 

In particular, if an affine dynamic connection 7 is symmetric, so is the corresponding 
linear connection K. 

COROLLARY 1.5.4: Every quadratic dynamic equation (1.5.8) on a configuration bundle 
Q — ?■ R of mechanics gives rise to the geodesic equation 

q° = 0, q° = 1, 

<f = a)MWi k + b){q»)q j q° + ftf)?? (1.5.9) 
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on the tangent bundle TQ with respect to the symmetric linear connection 

K x \ = 0, K l o = f, K ^ = ^b), K k l ,=a\ (1.5.10) 

on the tangent bundle TQ —tQ.U 

The geodesic equation (1.5.9), however, is not unique for the dynamic equation (1.5.8). 

PROPOSITION 1.5.5: Any quadratic dynamic equation (1.5.8), being^equivalent to the 
geodesic equation with respect to the symmetric linear connection K (1.5.10), also is 
equivalent to the geodesic equation with respect to an affine connection K' on TQ — > Q 
which differs from K (1.5.10) in a soldering form a on TQ — > Q with the components 

*° = 0, a\ = K + (s- l)/4g°, a* = -sV k q k - htf + fc* , 

where s and h\ are local functions on Q. □ 

Proposition 1.5.5 also can be deduced from the following lemma. 
Lemma 1.5.6: Every affine vertical vector field 

a = [f i (q») + bi(q»)qi]dt 

on the affine jet bundle J X Q — > Q is extended to the soldering form 

a = (fdt + b l k dq k ) <g> d t 

on the tangent bundle TQ — > Q. □ 

Now let us extend our inspection of dynamic equations to connections on the tangent 
bundle TM — > M of the typical fibre M of a configuration bundle Q — > ffiL In this case, 
the relationship fails to be canonical, but depends on a trivialization (1.1.2) of Q — > M. 

Given such a trivialization, let (t,q z ) be the associated coordinates on Q, where q l 
are coordinates on M with transition functions independent of t. The corresponding 
trivialization (1.1.5) of J l Q — > H. takes place in the coordinates (t,q l ,~q), where q" are 
coordinates on TM. With respect to these coordinates, the transformation law (1.4.2) of 
a dynamic connection 7 on the affine jet bundle J X Q — > Q reads 

H = 9q H j H= ( ®? 3 dg" 
7 dq* 70 lk \ dqi ln dq n ) dq' k ' 

It follows that, given a trivialization of Q — > R, a connection 7 on J X Q — > Q defines the 
time-dependent vertical vector field 



(1.5.11) 



(1.5.12) 



7oW>^)— : M x TM -> VTM 
9g 
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and the time-dependent connection 

dq k ® (-J* +7fc(f,g J ',^)4i) : R x TM — >■ J X TM C TTM (1.5.13) 

on the tangent bundle TM ->■ M. 

Conversely, let us consider a connection 



on the tangent bundle TM — >■ M. Given the above-mentioned trivialization of the con- 
figuration bundle Q — > R, the connection .fT defines the connection K (1.5.3) with the 
components 

K* = 0, Kl=T k) 

on the tangent bundle TQ — > Q. The corresponding dynamic connection 7 on the affine 
jet bundle J X Q ^ Q reads 

y = o, 1 i k = T k . (1.5.14) 

Using the transformation law (1.4.2), one can extend the expression (1.5.14) to arbi- 
trary bundle coordinates (t, q l ) on the configuration space Q as follows: 



K n {q J {q ),q [q ,q t )) + ^—K-q + 



_dq> nvl ^ ^ dq n dq^ dq" 



(i-5.i5) 



where V 1 = d t q l (t,qi) is the connection on Q — > R, corresponding to a given trivialization 
of Q, i.e., P = relative to (t,q l ). The dynamic equation on Q defined by the dynamic 
connection (1.5.15) takes the form 

q\ t = d t r + qfd.r + 7 » (g* - T k ). (1.5.16) 

By construction, it is a conservative dynamic equation. Thus, we have proved the follow- 
ing. 

Proposition 1.5.7: Any connection K on the typical fibre M of a configuration bundle 
Q — > R yields a conservative dynamic equation (1.5.16) on Q. □ 
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1.6 Reference frames 

From the physical viewpoint, a reference frame in non-relativistic mechanics determines a 
tangent vector at each point of a configuration space Q, which characterizes the velocity of 
an observer at this point. This speculation leads to the following mathematical definition 
of a reference frame in mechanics [15, 27, 33, 40]. 

Definition 1.6.1: A non-relativistic reference frame is a connection T on a configuration 
space Q ->■ R. □ 

By virtue of this definition, one can think of the horizontal vector field (1.1.16) associ- 
ated with a connection r on Q — > R as being a family of observers, while the corresponding 
covariant differential (1.1.17): 

ft = D r (ql) = q\ - P, 

determines the relative velocity with respect to a reference frame T. Accordingly, ql are 
regarded as the absolute velocities. 

In particular, given a motion c : R — > Q, its covariant derivative V r c (4.3.9) with 
respect to a connection T is a velocity of this motion relative to a reference frame T. For 
instance, if c is an integral section for a connection T, a velocity of the motion c relative to 
a reference frame T is equal to 0. Conversely, every motion c : R — > Q defines a reference 
frame T c such that a velocity of c relative to r c vanishes. This reference frame T c is 
an extension of a section c(R) — > J X Q of an afline jet bundle J X Q — > Q over the closed 
submanifold c(R) G Q to a global section in accordance with Theorem 4.1.2. 

By virtue of Theorem 1.1.1, any reference frame T on a configuration bundle Q — > R is 
associated with an atlas of local constant trivializations, and vice versa. A connection T 
takes the form T = d t (1.1.18) with respect to the corresponding coordinates (£,<f ), whose 
transition functions q 1 — > q H are independent of time. One can think of these coordinates 
as also being a reference frame, corresponding to the connection (1.1.18). They are called 
the adapted coordinates to a reference frame T. Thus, we come to the following definition, 
equivalent to Definition 1.6.1. 

Definition 1.6.2: In mechanics, a reference frame is an atlas of local constant trivial- 
izations of a configuration bundle Q — > R. □ 

In particular, with respect to the coordinates <f adapted to a reference frame T, the 
velocities relative to this reference frame coincide with the absolute ones 

D T t- 

Remark 1.6.1: By analogy with gauge field theory, we agree to call transformations of bundle 
atlases of a fibre bundle Q — > R the gauge transformations. To be precise, one should call them 
passive gauge transformations, while by active gauge transformations are meant automorphisms 
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of a fibre bundle. In mechanics, gauge transformations also are reference frame transformations 
in accordance with Theorem 1.1.1. An object on a fibre bundle is said to be gauge covariant or, 
simply, covariant if its definition is atlas independent. It is called gauge invariant if its form is 
maintained under atlas transformations. <0 

A reference frame is said to be complete if the associated connection T is complete. 
By virtue of Proposition 1.1.2, every complete reference frame defines a trivialization of 
a bundle Q — > M, and vice versa. 

Remark 1.6.2: Given a reference frame T, one should solve the equations 

r i (t,q>(t,r)) = ^^, (1-6.1) 

in order to find the coordinates (t,q a ) adapted to I\ Let (t, qf) and (t, q\) be the adapted coor- 
dinates for reference frames T\ and I^, respectively. In accordance with the equality (1.6.2), the 
components Y\ of the connection T\ with respect to the coordinates (t, q\) and the components 
of the connection I^ with respect to the coordinates (t, qf) fulfill the relation 

^ rl+r2 "°- 



Using the relations (1.6.1) - (1.6.2), one can rewrite the coordinate transformation 
law (1.3.4) of dynamic equations as follows. Let 

lu=T (1-6.3) 

be a dynamic equation on a configuration space Q written with respect to a reference 
frame (t, q n ). Then, relative to arbitrary bundle coordinates (t, q % ) on Q — > R, the dynamic 
equation (1.6.3) takes the form 

& = dr + Si r(4 - F) - g^te - T>)tf - r fc ) + d.6.4) 

where T is a connection corresponding to the reference frame (t,q n ). The dynamic equa- 
tion (1.6.4) can be expressed in the relative velocities q{. = q\ — T l with respect to the 
initial reference frame (t, If). We have 

Accordingly, any dynamic equation (1.3.3) can be expressed in the relative velocities 
Qr = Qt ~~ ^ with respect to an arbitrary reference frame T as follows: 

d t & = (z-jry t = e-d t r, (1.6.6) 
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where JT is the prolongation (1.1.23) of a connection F onto the jet bundle J X Q — > R. 

For instance, let us consider the following particular reference frame F for a dynamic 
equation £. The covariant derivative of a reference frame T with respect to the corre- 
sponding dynamic connection 7^ (1.4.10) reads 

V 7 r = Q -> T*Q x Vq^Q, (1.6.7) 

v 7 r = vir k d q x <g> <9 fc , vjT fe = <9 A r fc - 7 ^ o r. 

A connection F is called a geodesic reference frame for the dynamic equation £ if 

rj v 7 r = r A (<9 A r fc - 7* o r) = (d t r -f o r)^ = o. (1.6.8) 

Proposition 1.6.3: Integral sections c for a reference frame V are solutions of a dynamic 
equation £ iff F is a geodesic reference frame for £. □ 

Remark 1.6.3: The left- and right-hand sides of the equation (1.6.6) separately are not well- 
behaved objects. This equation is brought into the covariant form (1.8.6). 

Reference frames play a prominent role in many constructions of mechanics. They 
enable us to write the covariant forms: (1.8.5) - (1.8.6) of dynamic equations and (3.1.16) 
of Hamiltonians of mechanics. 

With a reference frame, we obtain the converse of Theorem 1.5.2. 

Theorem 1.6.4: Given a reference frame T, any connection K (1.5.1) on the tangent 
bundle TQ — > Q defines a dynamic equation 

e = (K{ - I*K°)f \qO =1;< j j=q i . 

□ 

This theorem is a corollary of Proposition 1.5.1 and the following lemma. 

Lemma 1.6.5: Given a connection T on a fibre bundle Q — > R and a connection K on the 
tangent bundle TQ — > Q, there is the connection K on TQ — > Q with the components 

K° x = 0, K\ = K\- VKl 

□ 



1.7 Free motion equations 

Let us point out the following interesting class of dynamic equations which we agree to 
call the free motion equations. 
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Definition 1.7.1: We say that the dynamic equation (1.3.3) is a free motion equation if 
there exists a reference frame (£,<f) on the configuration space Q such that this equation 
reads 

qlt = 0. (1.7.1) 

□ 

With respect to arbitrary bundle coordinates (t,q % ), a free motion equation takes the 
form 

q \ t = d t r + dj r{<d - F) - ^-^H - r%? - r fc ), (1.7.2) 

where T* = dtq l (t, q>) is the connection associated with the initial frame (t, q l ) (cf. (1.6.4)). 
One can think of the right-hand side of the equation (1.7.2) as being the general coordinate 
expression for an inertial force in mechanics. The corresponding dynamic connection 7^ 
on the afline jet bundle J 1 ^ — y Q reads 

^= a ^-wm? i4 - rl) ' (L7 ' 3) 

7 J = 9<r' + dpi - -ff". 

It is afline. By virtue of Proposition 1.5.3, this dynamic connection defines a linear 
connection K on the tangent bundle TQ — y Q, whose curvature necessarily vanishes. 
Thus, we come to the following criterion of a dynamic equation to be a free motion 
equation. 

Proposition 1.7.2: If £ is a free motion equation on a configuration space Q, it is 
quadratic, and the corresponding symmetric linear connection (1.5.10) on the tangent 
bundle TQ — y Q is a curvature-free connection. □ 

This criterion is not a sufficient condition because it may happen that the components 
of a curvature-free symmetric linear connection on TQ — y Q vanish with respect to the 
coordinates on Q which are not compatible with a fibration Q — y R. 

The similar criterion involves the curvature of a dynamic connection (1.7.3) of a free 
motion equation. 

Proposition 1.7.3: If £ is a free motion equation, then the curvature R (1.4.3) of the 
corresponding dynamic connection 7^ is equal to 0, and so are the tensor field R (1.4.4) 
and the scalar field R (1.4.5). □ 

Proposition 1.7.3 also fails to be a sufficient condition. If the curvature R (1.4.3) of 
a dynamic connection 7^ vanishes, it may happen that components of 7^ are equal to 
with respect to non-holonomic bundle coordinates on an afline jet bundle J X Q — y Q. 
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Nevertheless, we can formulate the necessary and sufficient condition of the existence 
of a free motion equation on a configuration space Q. 

Proposition 1.7.4: A free motion equation on a fibre bundle Q — > R exists iff the 
typical fibre M of Q admits a curvature-free symmetric linear connection. □ 

Proof: Let a free motion equation take the form (1.7.1) with respect to some atlas of local 
constant trivializations of a fibre bundle Q — > R. By virtue of Proposition 1.4.2, there exists 
an affine dynamic connection 7 on the affine jet bundle J X Q — > Q whose components relative 
to this atlas are equal to 0. Given a trivialization chart of this atlas, the connection 7 defines 
the curvature-free symmetric linear connection (1.5.13) on M. The converse statement follows 
at once from Proposition 1.5.7. QED 

The free motion equation (1.7.2) is simplified if the coordinate transition functions 
<f — > q % are affine in coordinates <f. Then we have 

q i tt = d t r-vd ] r + 2qid 3 T\ (1.7.4) 

The following lemma shows that the free motion equation (1.7.4) is affine in the coor- 
dinates q % and q\ [15, 27]. 

LEMMA 1.7.5: Let (t, q a ) be a reference frame on a configuration bundle Q — >■ R and 
T the corresponding connection. Components T l of this connection with respect to an- 
other coordinate system (t, q l ) are affine functions in the coordinates q l iff the transition 
functions between the coordinates q a and q % are affine. □ 

One can easily find the geodesic reference frames for the free motion equation 

q\ t = 0. (1.7.5) 

They are T l = v 1 = const. By virtue of Lemma 1.7.5, these reference frames define the 
adapted coordinates 

q l = kjq j - v l t - a\ = const., v % = const., a 1 = const. (1.7.6) 

The equation (1.7.5) obviously keeps its free motion form under the transformations (1.7.6) 
between the geodesic reference frames. It is readily observed that these transformations 
are precisely the elements of the Galilei group. 

1.8 Relative acceleration 

In comparison with the notion of a relative velocity, the definition of a relative acceleration 
is more intricate. 

To consider a relative acceleration with respect to a reference frame T, one should 
prolong a connection T on a configuration space Q — > R to a holonomic connection £r on 
the jet bundle J X Q ->■ R. Note that the jet prolongation JT (1.1.23) of T onto ->■ R 
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is not holonomic. We can construct the desired prolongation by means of a dynamic 
connection 7 on an affine jet bundle J X Q — > Q. 

LEMMA 1.8.1: Let us consider the composite bundle (1.1.11). Given a reference frame L 
on Q — > R and a dynamic connections 7 on J X Q — > Q, there exists a dynamic connection 
7 on — )> Q with the components 

% = il % = d t r-y k r k . (1.8.1) 

□ 

Now, we construct a certain soldering form on an affine jet bundle J l Q — > Q and add 
it to this connection. Let us apply the canonical projection T*Q — > V*Q and then the 
imbedding T : V*Q — > T*Q to the covariant derivative (1.6.7) of the reference frame L 
with respect to the dynamic connection 7. We obtain the Vq J 1 Q-valued one-form 

a = [-r(^r fe - 7 * o v)dt + (9,r fc - 7 * o r)^] ® 9* 

on Q whose pull-back onto J x <5 is a desired soldering form. The sum 

7r =7 + 0", 
called the frame connection, reads 

7r^ = ^r-7^r fc -r fc (9 fc r-7^or), 

This connection yields the desired holonomic connection 

& = d t r + (d k r + 7^ - 7^ o r)( g f - r k ) 

on the jet bundle J X Q — > R. 

Let £ be a dynamic equation and 7 = 7^ the connection (1.4.10) associated with £. 
Then one can think of the vertical vector field 

ar =*-fr = (1-8-3) 

on the affine jet bundle J X Q — >■ Q as being a relative acceleration with respect to the 
reference frame T in comparison with the absolute acceleration £. 

For instance, let us consider a reference frame T which is geodesic for the dynamic 
equation £, i.e., the relation (1.6.8) holds. Then the relative acceleration of a motion c 
with respect to a reference frame T is 

(£-£ r )or = 0. 



(1.8.2) 
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Let £ now be an arbitrary dynamic equation, written with respect to coordinates (t, q l ) 
adapted to a reference frame L, i.e., P = 0. In these coordinates, the relative acceleration 
with respect to a reference frame L is 

4 = C% q\ ql) - \qHdkC - drf | g , =0 ). (1.8.4) 

Given another bundle coordinates (t, q n ) on Q — > R, this dynamic equation takes the form 
(1.6.5), while the relative acceleration (1.8.4) with respect to a reference frame L reads 

a* = d jq H 4. 

Then we can write the dynamic equation (1.3.3) in the form which is covariant under 
coordinate transformations: 

D, r ql = d t ql-& = a r , (1.8.5) 

where D lT is the vertical covariant differential (1.4.9) with respect to the frame connection 
7r (1.8.2) on an affine jet bundle J X Q — > Q. 

In particular, if £ is a free motion equation which takes the form (1.7.1) with respect 
to a reference frame T, then 

D Jr ql = 

relative to arbitrary bundle coordinates on the configuration bundle Q — > R. 

The left-hand side of the dynamic equation (1.8.5) also can be expressed in the relative 
velocities such that this dynamic equation takes the form 

dtqh--Yrtir = ar (1.8.6) 

which is the covariant form of the equation (1.6.6). 

The concept of a relative acceleration is understood better when we deal with a 
quadratic dynamic equation £, and the corresponding dynamic connection 7 is affine. 

Lemma 1.8.2: If a dynamic connection 7 is affine, i.e., 

7a = 7ao + 7l*9t*> 
so is a frame connection 7r for any frame L. □ 
In particular, we obtain 

Tr}* = Y jk , Ir'ok = Irlo = 7roo = 



relative to the coordinates adapted to a reference frame L. 
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Corollary 1.8.3: If a dynamic equation £ is quadratic, the relative acceleration a-p 
(1.8.3) is always affine, and it admits the decomposition 

4 = -(r A V^P + 2^V^P), (1.8.7) 

where 7 = 75 is the dynamic connection (1.4.10), and 

ti = q ?-r\ gt ° = i, r° = i, 

is the relative velocity with respect to the reference frame T. □ 

Note that the splitting (1.8.7) gives a generalized Coriolis theorem. In particular, 
the well-known analogy between inertial and electromagnetic forces is restated. Corollary 
1.8.3 shows that this analogy can be extended to an arbitrary quadratic dynamic equation. 



1.9 Newtonian systems 

Equations of motion of non-relativistic mechanics need not be exactly dynamic equations. 
For instance, the second Newton law of point mechanics contains a mass. The notion of 
a Newtonian system generalizes the second Newton law as follows. 

Let m be a fibre metric (bilinear form) in the vertical tangent bundle VqJ x Q — > J X Q 
of J X Q ->■ Q. It reads 

m : J X Q ->■ V VqJ x Q, m = \m i3 'dq\ V ~dq{ , (1.9.1) 

where dq\ are the holonomic bases for the vertical cotangent bundle VqJ 1 Q of J X Q — > Q. 
It defines the map 

m : V Q J l Q -> V^Q. 

Definition 1.9.1: Let Q — > R be a fibre bundle together with: 

(i) a fibre metric m (1.9.1) satisfying the symmetry condition 

dlm i:j = d)m ik , (1.9.2) 

(ii) and a holonomic connection £ (1.1.24) on a jet bundle J l Q — > R related to the 
fibre metric m by the compatibility condition 

i\dm l3 + \n lk d)i k + m 3k d\i k = 0. (1.9.3) 

A triple (Q, m, £) is called the Newtonian system. □ 

We agree to call a metric m in Definition 1.9.1 the mass tensor of a Newtonian system 
(Q,m, £). The equation of motion of this Newtonian system is defined to be 

m(D^) = 0, mik ^ t -^) = 0. (1.9.4) 
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Due to the conditions (1.9.2) and (1.9.3), it is brought into the form 

d t (m ik qt) - m ik £ k = 0. 

Therefore, one can think of this equation as being a generalization of the second Newton 
law. 

If a mass tensor m (1.9.1) is non-degenerate, the equation of motion (1.9.4) is equiv- 
alent to the dynamic equation 

^ = 0, q? t -e = 0- 

Because of the canonical vertical splitting (1.1.10), the mass tensor (1.9.1) also is a 
map 

m: J l Q^ V V*Q, m = -m^dq 1 V dq j , (1.9.5) 
J Q 2i 

A Newtonian system (Q, m, £) is said to be standard, if its mass tensor m is the 
pull-back onto VqJ x Q of a fibre metric 

m:Q^VV*Q (1.9.6) 

in the vertical tangent bundle VQ — > Q in accordance with the isomorphisms (1.1.9) and 
(1.1.10), i.e., m is independent of the velocity coordinates q\. 

Given a mass tensor, one can introduce the notion of an external force. 

Definition 1.9.2: An external force is defined as a section of the vertical cotangent 
bundle Vq J l Q — > ^Q. Let us also bear in mind the isomorphism (1.1.10). □ 

It should be emphasized that there are no canonical isomorphisms between the vertical 
cotangent bundle Vq^Q and the vertical tangent bundle VqJ 1 Q of J l Q. One must 
therefore distinguish forces and accelerations which are related by means of a mass tensor. 

Let (Q,m,£,) be a Newtonian system and / an external force. Then 

e f =e + (rn- i y k fk (1.9.7) 

is a dynamic equation, but the triple (Q,m,^f) is not a Newtonian system in general. As 
it follows from a direct computation, iff an external force possesses the property 

%fj + &ifi = 0, (1.9.8) 

then £f (1.9.7) fulfills the compatibility condition (1.9.3), and (Q, m, £/) also is a Newto- 
nian system. 
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1.10 Integrals of motion 

Let an equation of motion of a mechanical system on a fibre bundle Y — > R be described by 
an r-order differential equation (£ given by a closed subbundle of the jet bundle J r Y — > H. 
in accordance with Definition 4.2.6. 

Definition 1.10.1: An integral of motion of this mechanical system is defined as a 
(k < r)-order differential operator $ on Y such that l£ belongs to the kernel of an r-order 
jet prolongation of the differential operator d t $, i.e., 

J r - fc - 1 (d t $)| (B = 0. (1.10.1) 

□ 

It follows that an integral of motion <3> is constant on solutions s of a differential 
equation (£, i.e., there is the differential conservation law 

(J fc s )*$ = const., (J k+1 s)*d t <5> = 0. (1.10.2) 

We agree to write the condition (1.10.1) as the weak equality 

J r_fc - 1 (d t $) « 0, (1.10.3) 

which holds on-shell, i.e., on solutions of a differential equation (£ by the formula (1.10.2). 

In mechanics, we can restrict our consideration to integrals of motion $ which are 
functions on J k Y . As was mentioned above, equations of motion of mechanics mainly are 
of first or second order. Accordingly, their integrals of motion are functions on Y or J k Y . 
In this case, the corresponding weak equality (1.10.1) takes the form 

dt$ ~ (1.10.4) 

of a weak conservation law or, simply, a conservation law. 

Different integrals of motion need not be independent. Let integrals of motion $ 1; . . . , <E» r 
of a mechanical system on Y be functions on J k Y. They are called independent if 

#iA---A# m ^0 (1.10.5) 

everywhere on J k Y. In this case, any motion J k s of this mechanical system lies in the 
common level surfaces of functions $i, . . . , <3> m which bring J k Y into a fibred manifold. 

Integrals of motion can come from symmetries. This is the case of Lagrangian and 
Hamiltonian mechanics (Sections 2.4 and 3.5). 

DEFINITION 1.10.2: Let an equation of motion of a mechanical system be an r-order 
differential equation <£ C J r Y . Its infinitesimal symmetry (or, simply, a symmetry) is 
defined as a vector field on J r Y whose restriction to (£ is tangent to <£. □ 

For instance, let us consider first order dynamic equations. 
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Proposition 1.10.3: Let (£ be the autonomous first order dynamic equation (1.2.1) 
given by a vector field u on a manifold Z. A vector field d on Z is its symmetry iff 
[u, ■&] « 0. □ 

One can show that a smooth real function F on a manifold Z is an integral of motion 
of the autonomous first order dynamic equation (1.2.1) (i.e., it is constant on solutions of 
this equation) iff its Lie derivative along u vanishes: 

L U F = u x d x $ = 0. (1.10.6) 



PROPOSITION 1.10.4: Let <£ be the first order dynamic equation (1.3.1) given by a 
connection T (1.1.16) on a fibre bundle Y — > R. Then a vector field § on Y is its 
symmetry iff [r, ■&] ph 0. □ 

A smooth real function $ on Y is an integral of motion of the first order dynamic 
equation (1.3.1) in accordance with the equality (1.10.4) iff 

L r $ = (d t + Vdi)® = 0. (1.10.7) 

Following Definition 1.10.2, let us introduce the notion of a symmetry of differential 
operators in the following relevant case. Let us consider an r-order differential operator 
on a fibre bundle Y — > R which is represented by an exterior form £ on J r Y (Definition 
4.2.5). Let its kernel Ker£ be an r-order differential equation on Y — > R. 

Proposition 1.10.5: It is readily justified that a vector field d on J r Y is a symmetry 
of the equation Ker£ in accordance with Definition 1.10.2 iff 

L„£«0. (1.10.8) 

□ 

Motivated by Proposition 1.10.5, we come to the following. 

Definition 1.10.6: Let S be the above mentioned differential operator. A vector field d 
on J r Y is called a symmetry of a differential operator E if the Lie derivative L$£ vanishes. 
□ 

By virtue of Proposition 1.10.5, a symmetry of a differential operator £ also is a 
symmetry of the differential equation Ker£. 

Note that there exist integrals of motion which are not associated with symmetries of 
an equation of motion (Example 2.4.5). 



Chapter 2 

Lagrangian mechanics 



Lagrangian mechanics on a velocity phase space is formulated in the framework of Lagran- 
gian formalism on fibre bundles [8, 14, 15, 27]. This formulation is based on the variational 
bicomplex and the first variational formula, without appealing to the variational principle. 
Besides Lagrange equations, the Cartan and Hamilton-De Donder equations are consid- 
ered in the framework of Lagrangian formalism. Note that the Cartan equation, but not 
the Lagrange one is associated to the Hamilton equation (Section 3.4). The relations 
between Lagrangian and Newtonian systems are investigated. Lagrangian conservation 
laws are defined by means of the first Noether theorem. 

2.1 Lagrangian formalism on Q — > R 

Let n : Q -> R be a fibre bundle (1.1.1). The finite order jet manifolds J k Q of Q -> R 
form the inverse sequence 



where tx t t _\ are afline bundles. Its projective limit J°°Q is a paracompact Frechet manifold. 
One can think of its elements as being infinite order jets of sections of Q — > R identified by 
their Taylor series at points of R. Therefore, J°°Q is called the infinite order jet manifold. 
A bundle coordinate atlas (t, q l ) of Q — > R provides J°°Q with the manifold coordinate 
atlas 




(2.1.1) 



(t,q\qiqi t ,...), 



q'tA = dtql, 



(2.1.2) 




is the total derivative. 
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Let O* = 0*(J r Q) be a graded differential algebra of exterior forms on a jet manifold 
J r Q. The inverse sequence (2.1.1) of jet manifolds yields the direct sequence of differential 
graded algebras O*: 

0*(Q) ^>C?I — > • • • 0* r _ x 0* r — >■ • • • , (2.1.3) 
where 7r^_ x * are the pull-back monomorphisms. Its direct limit 

0^g=limO r * (2.1.4) 

(or, simply, O*^) consists of all exterior forms on finite order jet manifolds modulo the 
pull-back identification. In particular, is the ring of all smooth functions on finite 
order jet manifolds. The O*^ (2.1.4) is a differential graded algebra which inherits the 
operations of the exterior differential d and exterior product A of exterior algebras O*. 

Theorem 2.1.1: The cohomology H*(0^) of the de Rham complex 

— > R — > ^O 1 ^ • • • (2.1.5) 

of the differential graded algebra O*^ equals the de Rham cohomology H^ K (Q) of a fibre 
bundle Q [14]. □ 

Corollary 2.1.2: Since Q (1.1.1) is a trivial fibre bundle over R, the de Rham cohomol- 
ogy H*(Ol^) of Q equals the de Rham cohomology of its typical fibre M in accordance 
with the well-known Kunneth formula. Therefore, the cohomology iJ*((9^ ) of the de 
Rham complex (2.1.5) equals the de Rham cohomology H^ R (M) of M. □ 

Since elements of the differential graded algebra O*^ (2.1.4) are exterior forms on finite 
order jet manifolds, this (9^,-algebra is locally generated by the horizontal form dt and 
contact one-forms 

6\ = dq A - ql A dt. 

Moreover, there is the canonical decomposition 

0* 00 = ®Ot m , m = 0,l, 

of into (9^-modules O^ 1 of A;-contact and (m = 0, l)-horizontal forms together with 
the corresponding projectors 



Accordingly, the exterior differential on is decomposed into the sum d = dy + du of 
the vertical differential 

dy : O k S -> O k +^ m , dyoh" 1 = h m odo h m , 

d v (cf>) = e i A Adfcf>, <j>eOl, 
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and the total differential 

d H : O k S ->■ O k S + \ d H oh k = h k odo h k , d H oh = h o d, 

d H ( ( f ) ) = dtAd t( f ) , <j>eOl. (2.1.6) 

These differentials obey the nilpotent conditions 

d H o d H = 0, dy o dy — 0, dn ° dy + dy o dn = 0, 

and make 0^* into a bicomplex. 

One introduces the following two additional operators acting on O*^. 
(i) There exists an M-module endomorphism 

Q = E h° h k o h 1 : O^ ' 1 O^ ' 1 , (2.1.7) 

fc>0 K 



)>0,1 

OO ! 

0<|A| 



possessing the following properties. 

Lemma 2.1.3: For any G C^ ' 1 , the form — f?(0) is locally d#-exact on each coordinate 
chart (2.1.2). The operator g obeys the relation 

(Qod H )W=0, ^eO>^. (2.1.8) 

□ 

It follows from Lemma 2.1.3 that g (2.1.7) is a projector, i.e., g o g = g. 
(ii) One defines the variational operator 

6 = Qod:Og->Og 1 ' L . (2.1.9) 

Lemma 2.1.4: The variational operator S (2.1.9) is nilpotent, i.e., 5oS = 0, and it obeys 
the relation 

5og = 5. (2.1.10) 

□ 

With operators g (2.1.7) and 5 (2.1.9), the bicomplex O*'* is brought into the varia- 
tional bicomplex. Let us denote E k = g{0^). We have 



dy | dy | — <$j 

o o lfi % O 1 ' 1 4 

dy^ dy^ ^\ 



Ei ->■ 



(2.1.11) 
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This variational bicomplex possesses the following cohomology [14]. 

THEOREM 2.1.5: The bottom row and the last column of the variational bicomplex 
(2.1.11) make up the variational complex 

->• O ^ -^-Ei ^E 2 . (2.1.12) 

Its cohomology is isomorphic to the de Rham cohomology of a fibre bundle Q and, con- 
sequently, the de Rham cohomology of its typical fibre M (Corollary 2.1.2). □ 

THEOREM 2.1.6: The rows of contact forms of the variational bicomplex (2.1.11) are 
exact sequences. □ 

Note that Theorem 2.1.6 gives something more. Due to the relations (2.1.6) and 
(2.1.10), we have the cochain morphism 

o° 4 o 1 4 o 2 4 o 3 ->• ••• 

ho ho g g 

o,o % O o,i 4 E] 4 E2 

of the de Rham complex (2.1.5) of the differential graded algebra O*^ to its variational 
complex (2.1.12). By virtue of Theorems 2.1.1 and 2.1.5, the corresponding homomor- 
phism of their cohomology groups is an isomorphism. A consequence of this fact is the 
following. 

THEOREM 2.1.7: Any 5-closed form e O k ' 1 , k = 0, 1, is split into the sum 

<f> = h a + d H {;, k = 0, ZeO°J?, (2.1.13) 
<f> = g (a) + 6(0, k = l, teC&\ (2.1.14) 

where a is a closed (1 + fc)-form on Q. □ 

In Lagrangian formalism on a fibre bundle Q — > R, a finite order Lagrangian and its 
Lagrange operator are defined as elements 

L = Cdte C^ 1 , (2.1.15) 
S L = 5L = EiO' 1 Adte Ei, (2.1.16) 

£i= £(-i) |A| dA(^A (2.1.17) 

0<|A| 

of the variational complex (2.1.12). Components Si (2.1.17) of the Lagrange operator 
(2.1.16) are called the variational derivatives. Elements of Ei are called the Lagrange- 
type operators. 

We agree to call a pair (O^, L) the Lagrangian system. 



2. 1 . LAGRANGIAN FORMALISM ON Q ^ R 



37 



Corollary 2.1.8: A finite order Lagrangian L (2.1.15) is variationally trivial, i.e., 
5(L) = iff 

L = hoa + d H S, (eC (2.1.18) 
where a is a closed one-form on Q. □ 

Corollary 2.1.9: A finite order Lagrange-type operator 8 e Ei satisfies the Helmholtz 
condition 5(8) = iff 

8 = 5L + g(a), L e (2.1.19) 

where a is a closed two- form on Q. □ 

Given a Lagrangian L (2.1.15) and its Lagrange operator 5L (2.1.16), the kernel 
Ker5L C J 2r Q of 5L is called the Lagrange equation. It is locally given by the equalities 

£i= ^(-l)l A lrf A (9f£)=0. (2.1.20) 

0<|A| 

However, it may happen that the Lagrange equation is not a differential equation in 
accordance with Definition 4.2.3 because Ker 5L need not be a closed subbundle of J 2r Q — >■ 
R. 

Example 2.1.1: Let Q = R 2 — >■ R be a configuration space, coordinated by (t,q). The 
corresponding velocity phase space J l Q is equipped with the adapted coordinates (t, q, qt)- The 
Lagrangian 

L = \q 2 q 2 t dt 
on J l Q leads to the Lagrange operator 

8l = [qql ~ d t (q 2 q t )]dq A dt 
whose kernel is not a submanifold at the point q = 0. <0 

THEOREM 2.1.10: Owing to the exactness of the row of one-contact forms of the varia- 
tional bicomplex (2.1.11) at the term C^ 1 , there is the decomposition 

dL = 5L-d H £, (2.1.21) 

where a one-form £ is a Lepage equivalent of a Lagrangian L [14]. □ 

Let us restrict our consideration to first order Lagrangian theory on a fibre bundle 
Q — > R. This is the case of Lagrangian non-relativistic mechanics. 
A first order Lagrangian is defined as a density 

L = Cdt, C: J l Q^ R, (2.1.22) 
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on a velocity space J l Q. The corresponding second-order Lagrange operator (2.1.16) 
reads 

5L = (OX - dtdlCy A dt. (2.1.23) 

Let us further use the notation 

tt, = 7c Jt = d)d\L. (2.1.24) 

The kernel Ker<5L C J 2 Q of the Lagrange operator defines the second order Lagrange 
equation 

(d t -d t dt)C = 0. (2.1.25) 

Its solutions are (local) sections c of the fibre bundle Q — > K. whose second order jet 
prolongations c live in (2.1.25). They obey the equations 

diCoc- ^-(m oc) = 0. (2.1.26) 

Definition 2.1.11: Given a Lagrangian L, a holonomic connection 
a = d t + q% + ?dl 

on the jet bundle J l Q — > R is said to be the Lagrangian connection if it takes its values 
into the kernel of the Lagrange operator 5L, i.e., if it satisfies the relation 

- dm - qidjm - = 0. (2.1.27) 

□ 

A Lagrangian connection need not be unique. 
Let us bring the relation (2.1.27) into the form 

Q.£ - dtm + (qi - e>i* = 0. (2.1.28) 

If a Lagrangian connection £ L exists, it defines the second order dynamic equation 

1u = iL (2.1.29) 

on Q — > R, whose solutions also are solutions of the Lagrange equation (2.1.25) by virtue 
of the relation (2.1.28). Conversely, since the jet bundle J 2 Q — > J X Q is afline, every 
solution c of the Lagrange equation also is an integral section for a holonomic connection 
£, which is a global extension of the local section J c(R) ->■ J 2 c(M) of this jet bundle over 
the closed imbedded submanifold J 1 c(M) C J 1 ^- Hence, every solution of the Lagrange 
equation also is a solution of some second order dynamic equation, but it is not necessarily 
a Lagrangian connection. 
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Every first order Lagrangian L (2.1.22) yields the bundle morphism 

L:J l Q — >V*Q, Pi o L — TTi, (2.1.30) 

Q 

where (t, q l ,Pi) are holonomic coordinates on the vertical cotangent bundle V*Q of Q — > R. 
This morphism is called the Legendre map, and 

vr n :V*Q^Q, (2.1.31) 

is called the Legendre bundle. As was mentioned above, the vertical cotangent bundle 
V*Q plays a role of the phase space of mechanics on a configuration space Q — > R. The 
range N L = L(J l Q) of the Legendre map (2.1.30) is called the Lagrangian constraint 
space. 

Definition 2.1.12: A Lagrangian L is said to be: 

• hyperregular if the Legendre map L is a diffeomorphism; 

• regular if L is a local diffeomorphism, i.e., det(7Tjj) ^ 0; 

• semiregular if the inverse image L~ l {p) of any point p G N L is a connected subman- 
ifold of J l Q- 

• almost regular if a Lagrangian constraint space Nl is a closed imbedded subbundle 
i n : Nl —> V*Q of the Legendre bundle V*Q — > Q and the Legendre map 

L : J X Q ->■ Nl (2.1.32) 

is a fibred manifold with connected fibres (i.e., a Lagrangian is semiregular). □ 

Remark 2.1.2: A glance at the equation (2.1.27) shows that a regular Lagrangian L admits 
a unique Lagrangian connection 

£l = (ir-^i-diC + dm + q^d k 7r t ). (2.1.33) 

In this case, the Lagrange equation (2.1.25) for L is equivalent to the second order dynamic 
equation associated to the Lagrangian connection (2.1.33). <0 



2.2 Cartan and Hamilton— De Donder equations 

Given a first order Lagrangian L, its Lepage equivalent £ in the decomposition (2.1.21) 
is the Poincare-Cartan form 

H L = TTidq 1 - (nqi - C)dt (2.2.1) 

(see the notation (2.1.24)). This form takes its values into the subbundle J l Q x T*Q of 

Q 

T* J X Q. Hence, we have a morphism 

E L : J X Q -)• T*Q, (2.2.2) 
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whose range 

Z L = H L (J X Q) (2.2.3) 

is an imbedded subbundle %l : Zl — > T*Q of the cotangent bundle T*Q. This morphism is 
called the homogeneous Legendre map. Let {t,q l ,po,Pi) denote the holonomic coordinates 
of T*Q possessing transition functions 

P'i = ^Pi, Po = (po + %p)j • (2-2.4) 

With respect to these coordinates, the morphism H L (2.2.2) reads 

(po,Pi) o H L = (£ - q\n h 7T<). 

A glance at the transition functions (2.2.4) shows that T*Q is a one-dimensional affine 
bundle 

C : T*Q ->• V*Q (2.2.5) 

over the vertical cotangent bundle V*Q (cf. (4.1.19)). Moreover, the Legendre map L 
(2.1.30) is exactly the composition of morphisms 

L = C o H L : J X Q ->■ V*Q. (2.2.6) 
Q 

It is readily observed that the Poincare-Cartan form Hl (2.2.1) also is the Poincare- 
Cartan form Hl = Hjr of the first order Lagrangian 

L = h (H L ) = (£+ {q\ t) - qi)n)dt, Mdj) = q\ t) dt, (2.2.7) 

on the repeated jet manifold J Y J l Y [8, 14]. The Lagrange operator for L (called the 
Lagrange-Cartan operator) reads 

5L = [(diC - d t 7T t + d^ 3 {q[ t) - ql)W + d\n 3 (q\ t) - ql)dq\] A dt. (2.2.8) 
Its kernel KerSL C J 1 J 1 Q defines the Cartan equation 

flfo(fl&)-flft = 0, (2.2.9) 
d . C - d t7ri + diirjiq^ - ql) = (2.2.10) 

on .^Q. Since 5L\jiq = 5L, the Cartan equation (2.2.9) - (2.2.10) is equivalent to the 
Lagrange equation (2.1.25) on integrable sections of J X Q — > X. It is readily observed that 
these equations are equivalent if a Lagrangian L is regular. 
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The Cartan equation (2.2.9) - (2.2.10) on sections c : R — > J l Q is equivalent to the 
relation 

c*(u\dH L ) = 0, (2.2.11) 

which is assumed to hold for all vertical vector fields u on J l Q — > R. 
The cotangent bundle T*Q admits the Liouville form 

E = p dt + p i dq i . (2.2.12) 

Accordingly, its imbedded subbundle Zl (2.2.3) is provided with the pull-back De Donder 
form E L — i* L E. There is the equality 

H L = H* L ~ L = H* L (i* L Z). (2.2.13) 

By analogy with the Cartan equation (2.2.11), the Hamilton-De Donder equation for 
sections r of Z L — > K. is written as 

r*(u\d~ L ) = 0, (2.2.14) 

where u is an arbitrary vertical vector field on Zl — > R. 

Theorem 2.2.1: Let the homogeneous Legendre map H L be a submersion. Then a 
section c of J X Q — >■ R is a solution of the Cartan equation (2.2.11) iff Hl o c is a solution 
of the Hamilton-De Donder equation (2.2.14), i.e., the Cartan and Hamilton-De Donder 
equations are quasi-equivalent [14, 16]. □ 



2.3 Lagrangian and Newtonian systems 

Let L be a Lagrangian on a velocity space J l Q and L the Legendre map (2.1.30). Due 
to the vertical splitting (4.1.27) of VV*Q, the vertical tangent map VL to L reads 

VL : V Q J l Q ->■ V*Q x V*Q. 

Q 

It yields the linear bundle morphism 

m = (Id jiq, pr 2 o VL) : V Q J l Q ->■ V^Q, m : dj ^ n^dgf, (2.3.1) 
and consequently a fibre metric 

in the vertical tangent bundle Vq J l Q —¥ J X Q. This fibre metric m obviously satisfies the 
symmetry condition (1.9.2). 
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Let a Lagrangian L be regular. Then the fibre metric m (2.3.1) is non-degenerate. 
In accordance with Remark 2.1.2, if a Lagrangian L is regular, there exists a unique 
Lagrangian connection £ L for L which obeys the equality 

mikZl + dm + djirrf - d t C = 0. (2.3.2) 

The derivation of this equality with respect to q{ results in the relation (1.9.3). Thus, 
any regular Lagrangian L defines a Newtonian system characterized by the mass tensor 

Now let us investigate the conditions for a Newtonian system to be the Lagrangian 
one. 

The equation (1.9.4) is the kernel of the second order differential Lagrange type oper- 
ator 

£:J 2 Q^V*Q, £ = m ik (£ k - q^F Adt. (2.3.3) 

A glance at the variational complex (2.1.12) shows that this operator is a Lagrange oper- 
ator of some Lagrangian only if it obeys the Helmholtz condition 

8{E i B i A dt) = [(2dj - dt&j + d 2 t df)£i6 j A6 l + 

{d)Ei + d% - 2d t df£ l )6\ A 9 j + (df£i - d?Ej)e j tt A 9 l ] A dt = 0. 

This condition falls into the equalities 

djSi - diSj + \d t {d% - d%) = 0, (2.3.4) 

d)Ei + 8% - 2d t df£i = 0, (2.3.5) 
df£i - dfSj = 0. (2.3.6) 

It is readily observed, that the condition (2.3.6) is satisfied since the mass tensor is 
symmetric. The condition (2.3.5) holds due to the equality (1.9.3) and the property 
(1.9.2). Thus, it is necessary to verify the condition (2.3.4) for a Newtonian system to be 
a Lagrangian one. If this condition holds, the operator £ (2.3.3) takes the form (2.1.19) in 
accordance with Corollary 2.1.9. If the second de Rham cohomology of Q (or, equivalently, 
M) vanishes, this operator is a Lagrange operator. 

Example 2.3.1: Let us consider a one-dimensional motion of a point mass m subject to 
friction. It is described by the equation 

moqu = -kq t , k > 0, (2.3.7) 

on the configuration space 1R 2 — >■ R coordinated by (t,q). This mechanical system is character- 
ized by the mass function m = tuq and the holonomic connection 



£ = dt + q t d q - -q t dl, (2.3.8) 
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but it is neither a Newtonian nor a Lagrangian system. The conditions (2.3.4) and (2.3.6) are 
satisfied for an arbitrary mass function m(t,q,qt), whereas the conditions (1.9.3) and (2.3.5) 
take the form 

—kqtdgTn — km + dtm + qtd q m = 0. (2.3.9) 

The mass function m = const, fails to satisfy this relation. Nevertheless, the equation (2.3.9) 
has a solution 

k 



m = mo exp 



■t 
mo J 



(2.3.10) 



The mechanical system characterized by the mass function (2.3.10) and the holonomic connection 
(2.3.8) is both a Newtonian and Lagrangian system with the Havas Lagrangian 



£ = 2 m ° exp 



k 
— ) 

m 



Qt 



(2.3.11) 



[38]. The corresponding Lagrange equation is equivalent to the equation of motion (2.3.7). 

In conclusion, let us mention mechanical systems whose motion equations are Lagrange 
equations plus additional non-Lagrangian external forces. They read 

(d i -d t dl)£ + f i (t,q i ,q 3 t ) = 0. (2.3.12) 

Let a Lagrangian system be the Newtonian one, and let an external force / satisfy the 
condition (1.9.8). Then the equation (2.3.12) describe a Newtonian system. 



2.4 Lagrangian conservation laws 

In Lagrangian mechanics, integrals of motion come from variational symmetries of a La- 
grangian (Theorem 2.4.8) in accordance with the first Noether theorem (Theorem 2.4.6). 
However, not all integrals of motion are of this type (Example 2.4.5). 

2.4.1 Generalized vector fields 

Given a Lagrangian system (O^, L) on a fibre bundle Q — >■ R, its infinitesimal transfor- 
mations are denned to be contact derivations of the real ring [11, 14, 15]. 

Let us consider the O^-module TfO^ of derivations of the real ring O^. This module 
is isomorphic to the (9^-dual (O^)* of the module of one-forms O^. Let i? e f^Sc 
<p G O^, be the corresponding interior product. Extended to a differential graded algebra 
O^, it obeys the rule (4.1.42). 

Restricted to the coordinate chart (2.1.2), any derivation of a real ring takes the 
coordinate form 

0<|A| 
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where 

Not considering time reparametrization, we can restrict our consideration to derivations 
■& = u % + ■&% + Yl ^A 9 f , u* = 0,l. (2.4.1) 

0<|A| 

Their coefficients $\ $\ possess the transformation law 

# = ^ + ^ tf „ = E |^ + M M . 

Any derivation d (2.4.1) of a ring yields a derivation (a Lie derivative) L# of a 
differential graded algebra O*^ which obeys the relations (4.1.43) - (4.1.44). 

A derivation d e 0(9^ (2.4.1) is called contact if the Lie derivative L# preserves an 
ideal of contact forms of a differential graded algebra O^, i.e., the Lie derivative of a 
contact form is a contact form. 

Lemma 2.4.1: A derivation d (2.4.1) is contact iff it takes the form 

■d = u l d t + u% + [M u * - + ?Ja u W- ( 2 - 4 - 2 ) 

0<|A| 

□ 

A glance at the expression (2.4.2) enables one to regard a contact derivation d as an 
infinite order jet prolongation d = J°°u of its restriction 

u = u t d t + u%q i ,<? K )d i , ^ = 1,0, (2.4.3) 

to a ring C°°(Q). Since coefficients u l of u (2.4.3) generally depend on jet coordinates q\, 
< |A| < r, one calls u (2.4.3) the generalized vector field. It can be represented as a 
section of the pull-back bundle 

J r Q x TQ -)■ J r Q. 

Q 

In particular, let u (2.4.3) be a vector field 

u = u% + u%q i )d i , u* = 0,l, (2.4.4) 

on a configuration space Q — > K. One can think of this vector field as being an infinitesimal 
generator of a local one-parameter group of local automorphisms of a fibre bundle Q — > R. 
If = 0, the vertical vector field (2.4.4) is an infinitesimal generator of a local one- 
parameter group of local vertical automorphisms of Q — > R. If u* — 1, the vector field « 
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(2.4.4) is projected onto the standard vector field d t on a base R which is an infinitesimal 
generator of a group of translations of R. 

Any contact derivation d (2.4.2) admits the horizontal splitting 



u 



0<|A| 



u = u H + u v = u\d t + q\di) + (u l - qlu^di. 
LEMMA 2.4.2: Any vertical contact derivation 

# = u % + J2 d ^ d t 

0<|A| 

obeys the relations 

i9\d H (f) = -d H {^\4>), L$(d H (f)) = d H (L^ 

□ 



eO* 



(2.4.5) 
(2.4.6) 

(2.4.7) 
(2.4.8) 



We restrict our consideration to first order Lagrangian mechanics. In this case, contact 
derivations (2.1.1) can be reduced to the first order jet prolongation 



(2.4.9) 



^ = J 1 u = u % + u% + d t u l d\ 
of the generalized vector fields u (2.4.3). 

2.4.2 First Noether theorem 

Let L be a Lagrangian (2.1.22) on a velocity space J l Q. Let us consider its Lie derivative 
L$L along the contact derivation d (2.4.9). 

Theorem 2.4.3: The Lie derivative L#L fulfils the first variational formula 

Lji u L = u v \5L + d H (u\H L ), (2.4.10) 

where £ = H L is the Poincare-Cartan form (2.2.1). Its coordinate expression reads 

[u% + u% + dtu'dfiC = (u* - qlu^Si + dtfciu* - + «*£]. (2.4.11) 

□ 

The generalized vector field u (2.4.3) is said to be the variational symmetry of a 
Lagrangian L if the Lie derivative Lji u L is d#-exact, i.e., 

Lj. u L = d H a. (2.4.12) 

Variational symmetries of L constitute a real vector space which we denote Ql. 
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Proposition 2.4.4: A glance at the first variational formula (2.4.11) shows that a 
generalized vector field u is a variational symmetry iff the exterior form 

u v \ 5L = (u* - qlu^Sidt (2.4. 13) 

is d#-exact. □ 

Proposition 2.4.5: The generalized vector field u (2.4.3) is a variational symmetry of 
a Lagrangian L iff its vertical part Uy (2.4.6) also is a variational symmetry. □ 

Proof: A direct computation shows that 

Lji u L = L J i Uv L + d H (u t jC). (2.4.14) 

QED 

A corollary of the first variational formula (2.4.10) is the first Noether theorem. 

THEOREM 2.4.6: If a contact derivation ■§ (2.4.2) is a variational symmetry (2.4.12) of a 
Lagrangian L, the first variational formula (2.4.10) restricted to the kernel of the Lagrange 
operator Ker SL yields a weak conservation law 

0^d H (u\H L -a), (2.4.15) 
« dtfciu* - u*gj) + u l C - a), (2.4.16) 

of the generalized symmetry current 

T u = u\H L - a = 7Tj (v? - u'ql) +u t C-a (2.4.17) 

along a generalized vector field u. The generalized symmetry current (2.4.17) obviously 
is defined with the accuracy of a constant summand. □ 

The weak conservation law (2.4.15) on the shell SL = is called the Lagrangian 
conservation law. It leads to the differential conservation law (1.10.2): 

on solutions c of the Lagrange equation (2.1.26). 

PROPOSITION 2.4.7: Let u be a variational symmetry of a Lagrangian L. By virtue of 
Proposition 2.4.5, its vertical part uy is so. It follows from the equality (2.4.14) that the 
conserved generalized symmetry current % u (2.4.17) along u equals that % Uv along uy. □ 

A glance at the conservation law (2.4.16) shows the following. 

Theorem 2.4.8: If a variational symmetry u is a generalized vector field independent of 
higher order jets q l A , |A| > 1, the conserved generalized current T u (2.4.17) along u plays 
a role of an integral of motion. □ 
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Therefore, we further restrict our consideration to variational symmetries at most of 
first jet order for the purpose of obtaining integrals of motion. However, it may happen 
that a Lagrangian system possesses integrals of motion which do not come from variational 
symmetries (Example 2.4.5). 

A variational symmetry u of a Lagrangian L is called its exact symmetry if 

Lji u L = 0. (2.4.18) 
In this case, the first variational formula (2.4.10) takes the form 

= u v \5L + d H (u\H L ). (2.4.19) 
It leads to the weak conservation law (2.4.15): 

« d t 1 u , (2.4.20) 
of the symmetry current 

Z u = u\H L = ^(w' - u'ql) + u l C (2.4.21) 
along a generalized vector field u. 

Remark 2.4.1: In accordance with the standard terminology, if variational and exact symme- 
tries are generalized vector fields (2.4.3), they are called generalized symmetries [3, 7, 20, 36]. 
Accordingly, by variational and exact symmetries one means only vector fields u (2.4.4) on Q. 
We agree to call them classical symmetries. Classical exact symmetries are symmetries of a 
Lagrangian, and they are named the Lagrangian symmetries. <0> 

Remark 2.4.2: Let us describe the relation between symmetries of a Lagrangian and and 
symmetries of the corresponding Lagrange equation. Let u be the vector field (2.4.4) and 

J 2 U = u l d t + u% + dtrfdf + dtttfdf 

its second order jet prolongation. Given a Lagrangian L on J l Q, the relation 

L J2 JL = 5(L Jlu L) (2.4.22) 

holds [8, 36]. Note that this equality need not be true in the case of a generalized vector field u. 
A vector field u is called the local variational symmetry of a Lagrangian L if the Lie derivative 
Lji u L of L along u is variationally trivial, i.e., 

5(L Jlu L) = 0. 

Then it follows from the equality (2.4.22) that a local (classical) variational symmetry of L also 
is a symmetry of the Lagrange operator 5L, i.e., 

Lj2 u SL = 0, 

and vice versa. Consequently, any local classical variational symmetry u of a Lagrangian L is a 
symmetry of the Lagrange equation (2.1.25) in accordance with Proposition 1.10.5. By virtue 
of Theorem 2.1.5, any local classical variational symmetry is a classical variational symmetry if 
a typical fibre M of Q is simply connected. 
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2.4.3 No ether conservation laws 

It is readily observed that the first variational formula (2.4.11) is linear in a generalized 
vector field u. Therefore, one can consider superposition of the identities (2.4.11) for 
different generalized vector fields. 

For instance, if u and u' are generalized vector fields (2.4.3), projected onto the stan- 
dard vector field d t on R, the difference of the corresponding identities (2.4.11) results in 
the first variational formula (2.4.11) for the vertical generalized vector field u — u' . 

Conversely, every generalized vector field u (2.4.4), projected onto d t , can be written 
as the sum 

u = T + v (2.4.23) 
of some reference frame 

r = d t + 1*8* (2.4.24) 

and a vertical generalized vector field v on Q. 

It follows that the first variational formula (2.4.11) for the generalized vector field u 
(2.4.4) can be represented as a superposition of those for a reference frame V (2.4.24) and 
a vertical generalized vector field v. 

If u — v is a vertical generalized vector field, the first variational formula (2.4.11) reads 

(v i d i + d t v i d!)£ = v% + d t (Tr i v i ). 

If v is an exact symmetry of L, we obtain from (2.4.20) the weak conservation law 

« dtiniV*). (2.4.25) 

By analogy with field theory [14, 15], it is called the Noether conservation law of the 
Noether current 

% v = iiitf. (2.4.26) 

If a generalized vector field v is independent of higher order jets q\, |A| > 1, the Noether 
current (2.4.26) is an integral of motion by virtue of Theorem 2.4.8. 

Example 2.4.3: Let us consider a free motion on a configuration space Q. It is described by 
a Lagrangian 

L = (J^mijq l t q{^J dt, rriij = const., (2.4.27) 

written with respect to a reference frame (t,q l ) such that the free motion dynamic equation 
takes the form (1.7.1). This Lagrangian admits dimQ — 1 independent integrals of motion 7Tj. 
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Example 2.4.4: Let us consider a point mass in the presence of a central potential. Its 
configuration space is 

Q = Mxl 3 ^R (2.4.28) 
endowed with the Cartesian coordinates (t,q l ). A Lagrangian of this mechanical system reads 

£ = \ (E(^) 2 ) " V(r), r = (E(^) 2 ) ' ■ ( 2 - 4 - 29 ) 
The vector fields 

vt = q a 8 b - q b d a (2.4.30) 

are infinitesimal generators of the group SO(3) acting in IR 3 . Their jet prolongation (2.4.9) reads 

J l v a b = q a d b - q b d a + q a t dl - (2.4.31) 

It is readily observed that vector fields (2.4.30) are symmetries of the Lagrangian (2.4.29). The 
corresponding conserved Noether currents (2.4.26) are orbital momenta 

Mi = % b a = (q a 7T b - q\ a ) = q a q b t - q b q a t . (2.4.32) 

They are integrals of motion, which however fail to be independent. 

Example 2.4.5: Let us consider the Lagrangian system in Example 2.4.4 where 

V(r) = -- (2.4.33) 

r 

is the Kepler potential. This Lagrangian system possesses the integrals of motion 

A a = J2(l a Qt-Q b Qt)Qt--, (2-4.34) 
b r 

besides the orbital momenta (2.4.32). They are components of the Rung-Lenz vector. There is 
no Lagrangian symmetry whose generalized symmetry currents are A a (2.4.34). 



2.4.4 Energy conservation laws 

In the case of a reference frame T (2.4.24), where u l = 1, the first variational formula 
(2.4.11) reads 

(d t + r'di + d t rdl)c = (r - q^s t - d t (n t ( q i - r) - c), (2.4.35) 

where 

E r = -X r = Mil ~ r*) - C (2.4.36) 
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is the energy function relative to a reference frame T [5, 15, 27, 40]. 

With respect to the coordinates adapted to a reference frame T, the first variational 
formula (2.4.35) takes the form 

d t C = (P - qi)S t - dtiml - C), (2.4.37) 

and E r (2.4.36) coincides with the canonical energy function 

E L = m \ - C. 

A glance at the expression (2.4.37) shows that the vector field V (2.4.24) is an exact 
symmetry of a Lagrangian L iff, written with respect to coordinates adapted to T, this 
Lagrangian is independent on the time t. In this case, the energy function E r (2.4.37) 
relative to a reference frame T is conserved: 

« -d t E r . (2.4.38) 

It is an integral of motion in accordance with Theorem 2.4.8. 

Example 2.4.6: Let us consider a free motion on a configuration space Q described by the 
Lagrangian (2.4.27) written with respect to a reference frame (i,<f) such that the free motion 
dynamic equation takes the form (1.7.1). Let T be the associated connection. Then the conserved 
energy function Er (2.4.36) relative to this reference frame V is precisely the kinetic energy of 
this free motion. With respect to arbitrary bundle coordinates (t, q l ) on Q, it takes the form 

1 



E r = nM ~ n - C = -m t ,(t, q k ){q\ - V)(ql - F). 







Example 2.4.7: Let us consider a one-dimensional motion of a point mass m subject to 
friction on the configuration space M 2 — > W, coordinated by (t, q) (Example 2.3.1). It is described 
by the dynamic equation (2.3.7) which is the Lagrange equation for the Lagrangian L (2.3.11). 
It is readily observed that the Lie derivative of this Lagrangian along the vector field 

r = d t - \ — qd q (2.4.39) 

2 771,0 

vanishes. Consequently, we have the conserved energy function (2.4.36) with respect to the 
reference frame T (2.4.39). This energy function reads 



Er = ^ttt-o exp 



k ' 
— t 

m . 



Qt{qt H q) = 7;mqr - 



mo 2 8t77,q 

where m is the mass function (2.3.10). <0 

Since any generalized vector field u (2.4.3) can be represented as the sum (2.4.23) of a 
reference frame V (2.4.24) and a vertical generalized vector field v, the symmetry current 
(2.4.21) along the generalized vector field u (2.4.4) is the difference 
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of the Noether current % v (2.4.26) along the vertical generalized vector field v and the 
energy function E-p (2.4.36) relative to a reference frame T [5, 15, 40]. Conversely, energy 
functions relative to different reference frames T and I~" differ from each other in the 
Noether current along the vertical vector field T' — T: 



One can regard this vector field r" — L as the relative velocity of a reference frame T' with 
respect to T. 

2.5 Gauge symmetries 

Treating gauge symmetries of Lagrangian field theory, one is traditionally based on an 
example of the Yang-Mills gauge theory of principal connections on a principal bundle. 
This notion of gauge symmetries is generalized to Lagrangian theory on an arbitrary fibre 
bundle [13, 14], including mechanics on a fibre bundle Q — > R. 

Definition 2.5.1: Let E ->■ R be a vector bundle and E(R) the C°°(R) module of 
sections x of — ?> R. Let ( be a linear differential operator on E(R) taking its values 
into the vector space Q L of variational symmetries of a Lagrangian L. Elements 



of Im ( are called the gauge symmetry of a Lagrangian L parameterized by sections x °f 
E — >■ R. These sections are called the gauge parameters. □ 

Remark 2.5.1: The differential operator ( in Definition 2.5.1 takes its values into the vector 
space Ql as a subspace of the C°°(lR)-module OOfx,, but it sends the C°°(lR)-module E(R) into 
the real vector space Ql C X) O^. The differential operator ( is assumed to be at least of first 
order (Remark 2.5.2). 

Equivalently, the gauge symmetry (2.5.1) is given by a section ( of the fibre bundle 
(J r Q x J m E) xTQ^ J r Q x J m E 

Q Q Q 

(see Definition 4.2.4) such that 
u x = C(x) = C°X 

for any section x °f E — > R. Hence, it is a generalized vector field uq on the product 
Q x E represented by a section of the pull-back bundle 




u x = C(x) 



(2.5.1) 



J k (Q x E) x T(Q x£)4 J k (Q x E), k = max(r, m), 

R Q R R 
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which lives in 

TQ C T(Q x E). 

This generalized vector field yields the contact derivation J°°-u^ (2.4.2) of the real ring 
®oolQ x E] which obeys the following condition. 
Given a Lagrangian 

L E 0^ n E c 0^[Q x E], 

let us consider its Lie derivative 

Ljoo U( L = J°°m c J dL + d( J°°m ( J L) (2.5.2) 

where d is the exterior differential of 0^[Q x £]. Then for any section x of -E — > R, the 
pull-back x*Ljoo Uc L is ci#-exact. 

It follows at once from the first variational formula (2.4.10) for the Lie derivative 
(2.5.2) that the above mentioned condition holds only if is projected onto a generalized 
vector field on Q and, in this case, iff the density (-u^)yj^ is d^-exact (Proposition 2.4.4). 
Thus, we come to the following equivalent definition of gauge symmetries. 

DEFINITION 2.5.2: Let E — > R be a vector bundle. A gauge symmetry of a Lagrangian 
L parameterized by sections x of — )> R is defined as a contact derivation t? = J°°u of 
the real ring O^IQ x E] such that: 

(i) it vanishes on the subring O^E, 

(ii) the generalized vector field u is linear in coordinates x% on J°°E, and it is projected 
onto a generalized vector field on Q, i.e., it takes the form 

u = d t +( £ < A (*,4)XaW (2.5.3) 

\0<|A|<m / 

(iii) the vertical part of u (2.5.3) obeys the equality 

u v \5L = d H a. (2.5.4) 

□ 

For the sake of convenience, the generalized vector field (2.5.3) also is called the gauge 
symmetry. In accordance with Proposition 2.4.5, the u (2.5.3) is a gauge symmetry iff 
its vertical part is so. Owing to this fact and Proposition 2.4.7, we can restrict our 
consideration to vertical gauge symmetries 



«= E < A (t,Qi)xl U. (2.5.5) 
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Gauge symmetries possess the following particular properties. 

(i) Let E' — > R be another vector bundle and (' a linear £'(R)-valued differential 
operator on a C°°(M)-module E'(M) of sections of E' — » R. Then 

^(x') = (C°C')(x') 

also is a gauge symmetry of L parameterized by sections x' °f ^" ~~ ^- It factorizes 
through the gauge symmetry u x (2.5.1). 

(ii) Given a gauge symmetry, the corresponding conserved symmetry current % u (2.4.17) 
vanishes on-shell (Theorem 2.5.4 below). 

(hi) The second Noether theorem associates to a gauge symmetry of a Lagrangian L 
the Noether identities of its Lagrange operator 8L. 

THEOREM 2.5.3: Let u (2.5.5) be a gauge symmetry of a Lagrangian L, then its Lagrange 
operator SL obeys the Noether identities (2.5.6). □ 

Proof: The density (2.5.4) is variationally trivial and, therefore, its variational derivatives with 
respect to variables x a vanish, i.e., 

£ a = ]T(-l)l A ld A « A £;) = 0. (2.5.6) 

0<|A| 

These are the Noether identities for the Lagrange operator 5L [14]. QED 

For instance, if the gauge symmetry u (2.5.3) is of second jet order in gauge parameters, 

i.e., 

«=(«U° + «*X? + «fxS)^ (2-5.7) 
the corresponding Noether identities (2.5.6) take the form 

u% - d t (u%) + dui^Si) = 0. (2.5.8) 

Remark 2.5.2: A glance at the expression (2.5.8) shows that, if a gauge symmetry is inde- 
pendent of derivatives of gauge parameters (i.e., the differential operator £ in Definition 2.5.1 is 
of zero order), then all variational derivatives of a Lagrangian equals zero, i.e., this Lagrangian 
is variationally trivial. Therefore, such gauge symmetries usually are not considered. 

If a Lagrangian L admits a gauge symmetry u (2.5.5), i.e., Lji u L = a, the weak 
conservation law (2.4.16) of the corresponding generalized symmetry current T u (2.4.17) 
holds. We call it the gauge conservation law. Because gauge symmetries depend on 
derivatives of gauge parameters, all gauge conservation laws in first order Lagrangian 
mechanics possess the following peculiarity. 

Theorem 2.5.4: If u (2.5.5) is a gauge symmetry of a first order Lagrangian L, the 
corresponding conserved generalized symmetry current % u (2.4.17) vanishes on-shell, i.e., 
T u w [14, 15]. □ 

Note that the statement of Theorem 2.5.4 is a particular case of the fact that symmetry 
currents of gauge symmetries in field theory are reduced to a superpotential [14, 42]. 
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Chapter 3 

Hamiltonian mechanics 



As was mentioned above, a phase space of non-relativistic mechanics is the vertical cotan- 
gent bundle V*Q of its configuration space Q — > R. This phase space is provided with the 
canonical Poisson structure (3.1.7). However, Hamiltonian mechanics on a phase space 
V*Q is not familiar Poisson Hamiltonian theory on a Poisson manifold V*Q because all 
Hamiltonian vector fields on V*Q are vertical. Hamiltonian mechanics on V*Q is formu- 
lated as particular (polysymplectic) Hamiltonian formalism on fibre bundles [8, 14, 15, 27]. 
Its Hamiltonian is a section of the fibre bundle T*Q — > V*Q (2.2.5). The pull-back of 
the canonical Liouville form (2.2.12) on T*Q with respect to this section is a Hamilto- 
nian one-form on V*Q. The corresponding Hamiltonian connection (3.1.20) on V*Q — > R 
defines a first order Hamilton equations on V*Q. 

Note that one can associate to any Hamiltonian system on V*Q an autonomous sym- 
plectic Hamiltonian system on the cotangent bundle T*Q such that the corresponding 
Hamilton equations on V*Q and T*Q are equivalent (Section 3.2). Moreover, a Hamilton 
equations on V*Q also ia equivalent to the Lagrange equation of a certain first order 
Lagrangian on a configuration space V*Q (Section 3.3). 

Lagrangian and Hamiltonian formulations of mechanics fail to be equivalent, unless 
a Lagrangian is hyperregular. The comprehensive relations between Lagrangian and Ha- 
miltonian systems can be established in the case of almost regular Lagrangians (Section 
3.4). 

3.1 Hamiltonian formalism on Q — > R 

As was mentioned above, a phase space of mechanics on a configuration space Q — > R is 
the vertical cotangent bundle (2.1.31): 

V*Q -^R, 

of Q — > R equipped with the holonomic coordinates (t,q\pi = <ji) with respect to the 
fibre bases {dq*} for the bundle V*Q ->■ Q [15, 27]. 
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The cotangent bundle T*Q of the configuration space Q is endowed with the holonomic 
coordinates (t, q l ,Po,Pi), possessing the transition functions (2.2.4). It admits the Liouville 
form S (2.2.12), the symplectic form 

tt T = dE = dp A dt + dpi A dq\ (3.1.1) 

and the corresponding Poisson bracket 

{f,9h = d°fd t g - d°gd t f + &fd i9 - d'gdj, f,g e C°°(T*Q). (3.1.2) 

Provided with the structures (3.1.1) - (3.1.2), the cotangent bundle T*Q of Q plays a role 
of the homogeneous phase space of Hamiltonian mechanics. 
There is the canonical one-dimensional afline bundle (2.2.5): 

(:T*Q^V*Q. (3.1.3) 

A glance at the transformation law (2.2.4) shows that it is a trivial afline bundle. Indeed, 
given a global section h of (, one can equip T*Q with the global fibre coordinate 

I =p -h, l oh = 0, (3.1.4) 
possessing the identity transition functions. With respect to the coordinates 

(t,q*,I ,Pi), i = l,...,m, (3.1.5) 
the fibration (3.1.3) reads 

C : R x V*Q 3 (t,q\I ,Pi) -> (t,q\Pi) G V*Q. (3.1.6) 

Let us consider the subring of C°°(T*Q) which comprises the pull-back (*f onto T*Q 
of functions / on the vertical cotangent bundle V*Q by the fibration ( (3.1.3). This 
subring is closed under the Poisson bracket (3.1.2). Then by virtue of the well known 
theorem, there exists the degenerate Poisson structure 

{f,9}v = #fdi 9 - d*gd t f, f,g G C°°(V*Q), (3.1.7) 
on a phase space V*Q such that 

C{f,g}v = {Cf,Cg} T . (3.1.8) 

The holonomic coordinates on V*Q are canonical for the Poisson structure (3.1.7). 

With respect to the Poisson bracket (3.1.7), the Hamiltonian vector fields of functions 
on V*Q read 

■& f = d i fd i -d i fd i , feC°°(V*Q). (3.1.9) 

They are vertical vector fields on V*Q — > KL Accordingly, the characteristic distribution 
of the Poisson structure (3.1.7) is the vertical tangent bundle VV*Q C TV*Q of a fibre 
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bundle V*Q — > R. The corresponding symplectic foliation on the phase space V*Q 
coincides with the fibration V*Q — > R. 

It is readily observed that the ring C(V*Q) of Casimir functions on a Poisson manifold 
V*Q consists of the pull-back onto V*Q of functions on R. Therefore, the Poisson algebra 
C°°(V*Q) is a Lie C°°(R)-algebra. 

Remark 3.1.1: The Poisson structure (3.1.7) can be introduced in a different way [15, 27]. 
Given any section h of the fibre bundle (3.1.3), let us consider the pull-back forms 

= h*(ZAdt) = p i dq i Adt, 

n = h*(dZAdt)=d Pi Adq l Adt (3.1.10) 

on V*Q. They are independent of the choice of h. With fi (3.1.10), the Hamiltonian vector 
field #j (3.1.9) for a function / on V*Q is given by the relation 

tf/Jfi = -df Adt, 

while the Poisson bracket (3.1.7) is written as 

{f,g}vdt = g \0 f \Sl. 

Moreover, one can show that a projectable vector field i? on V*Q such that "&\dt =const. is a 
canonical vector field for the Poisson structure (3.1.7) iff 

Ltfft = d{$\n) = 0. (3.1.11) 



In contrast with autonomous Hamiltonian mechanics, the Poisson structure (3.1.7) 
fails to provide any dynamic equation on a fibre bundle V*Q — > R because Hamiltonian 
vector fields (3.1.9) of functions on V*Q are vertical vector fields, but not connections 
on V*Q — > R (see Definition 1.3.1). Hamiltonian dynamics on V*Q is described as a 
particular Hamiltonian dynamics on fibre bundles [15, 27, 40]. 

A Hamiltonian on a phase space V*Q — > R of mechanics is defined as a global section 

h:V*Q^T*Q, p oh = H(t,q j , Pj ), (3.1.12) 

of the affine bundle ( (3.1.3). Given the Liouville form S (2.2.12) on T*Q, this section 
yields the pull-back Hamiltonian form 

H = (-h)*E = Pk dq k -Hdt (3.1.13) 

on V*Q. This is the well-known invariant of Poincare-Cartan [2]. 

It should be emphasized that, in contrast with a Hamiltonian in autonomous mechan- 
ics, the Hamiltonian % (3.1.12) is not a function on V*Q, but it obeys the transformation 
law 



(3.1.14) 
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Remark 3.1.2: Any connection T (1.1.16) on a configuration bundle Q — > R defines the global 
section hr = PiT 1 (3.1.12) of the affine bundle ( (3.1.3) and the corresponding Hamiltonian form 

H r = p k dq k - Uvdt = p k dq k - p^dt. (3.1.15) 

Furthermore, given a connection T, any Hamiltonian form (3.1.13) admits the splitting 

H = H T - £ T dt, (3.1.16) 

where 

s T = n-n v = n-p i Y i (3.1.17) 

is a function on V*Q. One can think of £■? (3.1.17) as being an energy function relative to a 
reference frame V [15, 31]. With respect to the coordinates adapted to a reference frame T, we 
have £t = V.. Given different reference frames T and V, the decomposition (3.1.16) leads at 
once to the relation 

£ v , = £ T + u T - n T , = £ r + (P - T'>i (3.1.18) 

between the energy functions with respect to different reference frames. 

Given a Hamiltonian form H (3.1.13), there exists a unique horizontal vector field 
(1.1.16): 

lH = dt- Ydi - 7^, 
on V*Q (i.e., a connection on V*Q — > M) such that 

~f H \dH = 0. (3.1.19) 
This vector field, called the Hamilton vector field, reads 

lH = d t + d k m k - d k m k . (3.1.20) 

In a different way (Remark 3.1.1), the Hamilton vector field ^ H is denned by the relation 
7h J f2 = dH. 

Consequently, it is canonical for the Poisson structure {,}v (3.1.7). This vector field 
yields the first order dynamic Hamilton equation 

q k = d k H, (3.1.21) 
p tk = -d k H (3.1.22) 

on V*Q — > R (Definition 1.3.1), where (t,q k ,p k ,q k ,p tk ) are the adapted coordinates on 
the first order jet manifold J 1 V*Q of V*Q ->■ ffiL 
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Due to the canonical imbedding J 1 V*Q — > TV*Q (1.1.6), the Hamilton equation 

(3.1.21) - (3.1.22) is equivalent to the autonomous first order dynamic equation 

i = 1, if = dm, p t = -d{H (3.1.23) 

on a manifold V*Q (Definition 1.2.1). 

A solution of the Hamilton equation (3.1.21) - (3.1.22) is an integral section r for the 
connection j H . 

Remark 3.1.3: Similarly to the Cartan equation (2.2.11), the Hamilton equation (3.1.21) - 

(3.1.22) is equivalent to the condition 

r*(u\dH) = (3.1.24) 

for any vertical vector field u on V*Q — > W. 

We agree to call (V*Q,H) the Hamiltonian system of m — dimQ — 1 degrees of 
freedom. 

In order to describe evolution of a Hamiltonian system at any instant, the Hamilton 
vector field 7# (3.1.20) is assumed to be complete, i.e., it is an Ehressmann connection 
(Remark 1.1.1). In this case, the Hamilton equation (3.1.21) - (3.1.22) admits a unique 
global solution through each point of the phase space V*Q. By virtue of Theorem 1.1.2, 
there exists a trivialization of a fibre bundle V*Q — > R (not necessarily compatible with 
its fibration V*Q — > Q) such that 

-f H = d t , H = p i dq i (3.1.25) 

with respect to the associated coordinates (t, ^*,Pj). A direct computation shows that 
the Hamilton vector field 7# (3.1.20) satisfies the relation (3.1.11) and, consequently, it 
is an infinitesimal generator of a one-parameter group of automorphisms of the Poisson 
manifold (V*Q, {, }y). Then one can show that (£,(f ,pj) are canonical coordinates for the 
Poisson manifold (V*Q, {, } v ) [27], i.e., 

_ _d_ A _d_ 

dpi df 

Since 7-1 = 0, the Hamilton equation (3.1.21) - (3.1.22) in these coordinates takes the 
form 

tt = 0, Pu = o, 
i.e., (t, q % ,Pi) are the initial data coordinates. 
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3.2 Homogeneous Hamiltonian formalism 

As was mentioned above, one can associate to any Hamiltonian system on a phase space 
V*Q an equivalent autonomous symplectic Hamiltonian system on the cotangent bundle 
T*Q (Theorem 3.2.1). 

Given a Hamiltonian system (V*Q, H), its Hamiltonian % (3.1.12) defines the function 

U* = d t \ (~ - C(-h)*Z)) =p + h = p + U (3.2.1) 

on T*Q. Let us regard H* (3.2.1) as a Hamiltonian of an autonomous Hamiltonian system 
on the symplectic manifold (T*Q, Q T ). The corresponding autonomous Hamilton equation 
on T*Q takes the form 

t = l, p = -d t H, q l = d l H, i> i = -d i U. (3.2.2) 

Remark 3.2.1: Let us note that the splitting %* = p + % (3.2.1) is ill defined. At the same 
time, any reference frame L yields the decomposition 

H* = (po + Ht) + CH- U T ) = U* T + S T , (3.2.3) 

where Hr is the Hamiltonian (3.1.15) and Sr (3.1.17) is the energy function relative to a reference 
frame L. 

The Hamiltonian vector field of W (3.2.1) on T*Q is 

■& n , =d t - d t Hd° + d'ndi - d{Hd\ (3.2.4) 
Written relative to the coordinates (3.1.5), this vector field reads 

$ w =d t + d l Udi - diHd\ (3.2.5) 
It is identically projected onto the Hamilton vector field (3.1.20) on V*Q such that 

C*(L 7H /) = {H*, Cfh, f e C°°(V*Q). (3.2.6) 

Therefore, the Hamilton equation (3.1.21) - (3.1.22) is equivalent to the autonomous 
Hamilton equation (3.2.2). 

Obviously, the Hamiltonian vector field d%* (3.2.5) is complete if the Hamilton vector 
field 7# (3.1.20) is complete. 

Thus, the following has been proved [4, 15, 29]. 

Theorem 3.2.1: A Hamiltonian system (V*Q, H) of m degrees of freedom is equivalent to 
an autonomous Hamiltonian system (T*Q, W) of m+1 degrees of freedom on a symplectic 
manifold (T*Q,Cl) whose Hamiltonian is the function %* (3.2.1). □ 

We agree to call (T*Q,H*) the homogeneous Hamiltonian system and H* (3.2.1) the 
homogeneous Hamiltonian. 
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3.3 Lagrangian form of Hamiltonian formalism 

It is readily observed that the Hamiltonian form H (3.1.13) is the Poincare-Cartan form 
of the Lagrangian 

L H = ho(H) = ( Pl qi - H)dt (3.3.1) 
on the jet manifold J 1 \/*Q of V*Q ->• R [15, 31]. 

Remark 3.3.1: In fact, the Lagrangian (3.3.1) is the pull-back onto J 1 V*Q of the form Lh 
on the product V*Q x Q J x Q. 

The Lagrange operator (2.1.16) associated to the Lagrangian L H reads 

S H = 5L H = [(ql - d l H)dp t - (p tl + dffldj] A dt. (3.3.2) 

The corresponding Lagrange equation (2.1.20) is of first order, and it coincides with the 
Hamilton equation (3.1.21) - (3.1.22) on J 1 V*Q. 

Due to this fact, the Lagrangian L H (3.3.1) plays a prominent role in Hamiltonian 
mechanics. 

In particular, let u (2.4.4) be a vector field on a configuration space Q. Its functorial 
lift (4.1.32) onto the cotangent bundle T*Q is 

u = u % + rfdi - p j d i u j d i (3.3.3) 

This vector field is identically projected onto a vector field, also given by the expression 
(3.3.3), on the phase space V*Q as a base of the trivial fibre bundle (3.1.3). Then we 
have the equality 

L~H = Ljr-Ln = {-u%n + pAv* - u'd^H + pid^&V^dt. (3.3.4) 

This equality enables us to study conservation laws in Hamiltonian mechanics similarly 
to those in Lagrangian mechanics (Section 3.5). 

3.4 Associated Lagrangian and Hamiltonian systems 

As was mentioned above, Lagrangian and Hamiltonian formulations of mechanics fail to 
be equivalent. The comprehensive relations between Lagrangian and Hamiltonian systems 
can be established in the case of almost regular Lagrangians [15, 27, 29, 40]. This is a 
particular case of the relations between Lagrangian and Hamiltonian theories on fibre 
bundles [9, 14]. 

In order to compare Lagrangian and Hamiltonian formalisms, we are based on the 
facts that: 

(i) every first order Lagrangian L (2.1.15) on a velocity space J X Q induces the Legendre 
map (2.1.30) of this velocity space to a phase space V*Q; 
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(ii) every Hamiltonian form H (3.1.13) on a phase space V*Q yields the Hamiltonian 
map 

H:V*Q^J 1 Q, qioH = d i H (3.4.1) 
of this phase space to a velocity space J X Q. 

Remark 3.4.1: A Hamiltonian form H is called regular if the Hamiltonian map H (3.4.1) is 
regular, i.e., a local diffeomorphism. <0 

Remark 3.4.2: It is readily observed that a section r of a fibre bundle V*Q — >■ R is a solution 
of the Hamilton equation (3.1.21) - (3.1.22) for the Hamiltonian form H iff it obeys the equality 

J 1 (7r n or) = ffor, (3.4.2) 

where 7rn : V*Q -> Q. 

Given a Lagrangian L, the Hamiltonian form if (3.1.13) is said to be associated with 
L if H satisfies the relations 

LoHoL = L, (3.4.3) 
H*L H = H*L, (3.4.4) 

where L H is the Lagrangian (3.3.1). 

A glance at the equality (3.4.3) shows that L o H is the projector of V*Q onto the 
Lagrangian constraint space N L which is given by the coordinate conditions 

Pi = ir i (t,qi,diH(t,qi,p j )). (3.4.5) 

The relation (3.4.4) takes the coordinate form 

U = Pi&H - C(t, q J , dm). (3.4.6) 

Acting on this equality by the exterior differential, we obtain the relations 

d t U( P ) = -(d t £)oH(p), P eN L , 

d i H(p) = -(d i C)oH(p), p G Nl, (3.4.7) 

( Pi - (diC)(t, q\ &U))d l d a U = 0. (3.4.8) 

The relation (3.4.8) shows that an L-associated Hamiltonian form H is not regular outside 
the Lagrangian constraint space Nl- 

For instance, let L be a hyperregular Lagrangian, i.e., the Legendre map L (2.1.30) is 
a diffeomorphism. It follows from the relation (3.4.3) that, in this case, H = L~ x . Then 
the relation (3.4.6) takes the form 

U= Pi L- li - £{t,qi,L- lj ). (3.4.9) 
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It defines a unique Hamiltonian form associated with a hyperregular Lagrangian. Let s 
be a solution of the Lagrange equation (2.1.25) for a Lagrangian L. A direct computation 
shows that L o J l s is a solution of the Hamilton equation (3.1.21) - (3.1.22) for the 
Hamiltonian form H (3.4.9). Conversely, if r is a solution of the Hamilton equation 
(3.1.21) - (3.1.22) for the Hamiltonian form H (3.4.9), then s = 7r n or is a solution of the 
Lagrange equation (2.1.25) for L (see the equality (3.4.2)). It follows that, in the case of 
hyperregular Lagrangians, Hamiltonian formalism is equivalent to Lagrangian one. 

If a Lagrangian is not regular, an associated Hamiltonian form need not exist. 

A Hamiltonian form is called weakly associated with a Lagrangian L if the condition 
(3.4.4) (namely, the condition (3.4.8) holds on the Lagrangian constraint space Nl- 

For instance, any Hamiltonian form is weakly associated with the Lagrangian L = 0, 
while the associated Hamiltonian forms are only H-p (3.1.15). 

A hyperregular Lagrangian L has a unique weakly associated Hamiltonian form (3.4.9) 
which also is L-associated. In the case of a regular Lagrangian L, the Lagrangian con- 
straint space N L is an open subbundle of the vector Legendre bundle V*Q — > Q. If 
Nl 7^ V*Q, a weakly associated Hamiltonian form fails to be defined everywhere on V*Q 
in general. At the same time, Nl itself can be provided with the pull-back symplectic 
structure with respect to the imbedding Nl — >■ V*Q, so that one may consider Hamilto- 
nian forms on Nl- 

Note that, in contrast with associated Hamiltonian forms, a weakly associated Hamil- 
tonian form may be regular. 

In order to say something more, let us restrict our consideration to almost regular 
Lagrangians L (Definition 2.1.12) [15, 27, 29]. 

LEMMA 3.4.1: The Poincare-Cartan form Hl (2.2.1) of an almost regular Lagrangian L 
is constant on the inverse image L~ 1 (z) of any point z G Nl- □ 

A corollary of Lemma 3.4.1 is the following. 

THEOREM 3.4.2: All Hamiltonian forms weakly associated with an almost regular La- 
grangian L coincide with each other on the Lagrangian constraint space N L , and the 
Poincare-Cartan form H L (2.2.1) of L is the pull-back 

H L = L*H, 7c iq l -C = H(t, q j , nj), (3.4.10) 

of such a Hamiltonian form H. □ 

It follows that, given Hamiltonian forms H and H' weakly associated with an almost 
regular Lagrangian L, their difference is a density 

H'-H = (H- H')dt 

vanishing on the Lagrangian constraint space N L - However, H\ Nl ^ H'\ Nl in general. 
Therefore, the Hamilton equations for H and H' do not necessarily coincide on the La- 
grangian constraint space Nl- 
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Theorem 3.4.2 enables us to relate the Lagrange equation for an almost regular La- 
grangian L with the Hamilton equation for Hamiltonian forms weakly associated to L. 

Theorem 3.4.3: Let a section r of V*Q — > K. be a solution of the Hamilton equation 
(3.1.21) - (3.1.22) for a Hamiltonian form H weakly associated with an almost regular 
Lagrangian L. If r lives in the Lagrangian constraint space Nl, the section s = n o r of 
7r : Q — )• H. satisfies the Lagrange equation (2.1.25), while s = H o r obeys the Cartan 
equation (2.2.9) - (2.2.10). □ 

The proof is based on the relation 

L = {j 1 lyl H) 

where L is the Lagrangian (2.2.7), while Lh is the Lagrangian (3.3.1). This relation is 
derived from the equality (3.4.10). The converse assertion is more intricate. 

Theorem 3.4.4: Given an almost regular Lagrangian L, let a section s of the jet bundle 
J X Q — > R be a solution of the Cartan equation (2.2.9) - (2.2.10). Let H be a Hamiltonian 
form weakly associated with L, and let H satisfy the relation 

HoLos = J l s, (3.4.11) 

where s is the projection of s onto Q. Then the section r = L o s of a fibre bundle 
V*Q -> R is a solution of the Hamilton equation (3.1.21) - (3.1.22) for H. □ 

We say that a set of Hamiltonian forms H weakly associated with an almost regular 
Lagrangian L is complete if, for each solution s of the Lagrange equation, there exists a 
solution r of the Hamilton equation for a Hamiltonian form H from this set such that 
s = 7r n o r. By virtue of Theorem 3.4.4, a set of weakly associated Hamiltonian forms is 
complete if, for every solution s of the Lagrange equation for L, there exists a Hamiltonian 
form H from this set which fulfills the relation (3.4.11) where s — J 1 s, i.e., 

HoLo J\ s = J\s. (3.4.12) 

In the case of almost regular Lagrangians, one can formulate the following necessary 
and sufficient conditions of the existence of weakly associated Hamiltonian forms. 

Theorem 3.4.5: A Hamiltonian form H weakly associated with an almost regular La- 
grangian L exists iff the fibred manifold (2.1.32): 

L : J X Q ->■ Nl, (3.4.13) 

admits a global section. □ 

In particular, any point of V*Q possesses an open neighborhood U such that there 
exists a complete set of local Hamiltonian forms on U which are weakly associated with 
an almost regular Lagrangian L. Moreover, one can construct a complete set of local 
L-associated Hamiltonian forms on U [39] . 
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3.5 Hamiltonian conservation laws 

As was mentioned above, integrals of motion in Lagrangian mechanics usually come from 
variational symmetries of a Lagrangian (Theorem 2.4.8), though not all integrals of motion 
are of this type (Section 2.4). In Hamiltonian mechanics, all integrals of motion are 
conserved generalized symmetry currents (Theorem 3.5.12 below). 

An integral of motion of a Hamiltonian system (V*Q, H) is defined as a smooth real 
function F on V*Q which is an integral of motion of the Hamilton equation (3.1.21) - 
(3.1.22) (Section 1.10). Its Lie derivative 

L 1H F = d t F + {H, F} v (3.5.1) 

along the Hamilton vector field ^ H (3.1.20) vanishes in accordance with the equation 
(1.10.7). Given the Hamiltonian vector field "dp of F with respect to the Poisson bracket 
(3.1.7), it is easily justified that 

[1h^f]=^ h f- (3-5.2) 

Consequently, the Hamiltonian vector field of an integral of motion is a symmetry of the 
Hamilton equation (3.1.21) - (3.1.22). 

One can think of the formula (3.5.1) as being the evolution equation of Hamiltonian 
mechanics. 

Given a Hamiltonian system (V*Q,H), let (T*Q,TL*) be an equivalent homogeneous 
Hamiltonian system. It follows from the equality (3.2.6) that 

Cm H F) = {H*, CF} T = C W + {H, F} v ) (3.5.3) 

for any function F G C°°(V*Z). This formula is equivalent to the evolution equation 
(3.5.1). It is called the homogeneous evolution equation. 

PROPOSITION 3.5.1: A function F e C°°(V*Q) is an integral of motion of a Hamiltonian 
system (V*Q, H) iff its pull-back (*F onto T*Q is an integral of motion of a homogeneous 
Hamiltonian system (T*Q,H*). □ 

Proof: It follows from the equality (3.5.3) that 

{H*,C*F} T = C(L 7H F) = 0. (3.5.4) 

QED 

Proposition 3.5.2: If F and F' are integrals of motion of a Hamiltonian system, their 
Poisson bracket {F, F'} v also is an integral of motion. □ 

Consequently, integrals of motion of a Hamiltonian system (V*Q, H) constitute a real 
Lie subalgebra of the Poisson algebra C°°(V*Q). 
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Let us turn to Hamiltonian conservation laws. We are based on the fact that the 
Hamilton equation (3.1.21) - (3.1.22) also is the Lagrange equation of the Lagrangian 
(3.3.1). Therefore, one can study conservation laws in Hamiltonian mechanics similarly 
to those in Lagrangian mechanics [15, 31]. 

Since the Hamilton equation (3.1.21) - (3.1.22) is of first order, we restrict our con- 
sideration to classical symmetries, i.e., vector fields on V*Q. In this case, all conserved 
generalized symmetry currents are integrals of motion. 

Let 

v = u t d t + v i d i + v i d i , m* = 0,1, (3.5.5) 

be a vector field on a phase space V*Q. Its prolongation onto V*Q x Q J X Q (Remark 
3.3.1) reads 

J x v = u l dt + v l di + Vid % + d t v l d\. 

Then the first variational formula (2.4.11) for the Lagrangian L H (3.3.1) takes the form 

-u%U - v%U + Vi(qi - dm) + p l d t v i = (3.5.6) 

-(t/ - qiu^ipu + diU) + (vi - puu'm - &m) 

+d t (p i v i -u t U). 
If v (3.5.5) is a variational symmetry, i.e., 

we obtain the weak conservation law, called the Hamiltonian conservation law, 

w d t % v (3.5.7) 

of the generalized symmetry current (2.4.17) which reads. 

% v = PiV i - - a. (3.5.8) 

This current is an integral of motion of a Hamiltonian system. 
The converse also is true. Let F be an integral of motion, i.e., 

L 7ff F = d t F + {%, F} v = 0. (3.5.9) 

We aim to show that there is a variational symmetry v of L H such that F = % v is a 
conserved generalized symmetry current along v. 

In accordance with Proposition 2.4.4, the vector field v (3.5.5) is a variational sym- 
metry iff 

v\p tl + d{H) - Vi(qt - dm) + u%H = d t (Z u + u l U). (3.5.10) 
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A glance at this equality shows the following. 

Proposition 3.5.3: The vector field v (3.5.5) is a variational symmetry only if 

& Vi = -div\ (3.5.11) 

□ 

For instance, if the vector field v (3.5.5) is projectable onto Q (i.e., its components 
v l are independent of momenta p^, we obtain that = —pfiiV?. Consequently, v is the 
canonical lift u (3.3.3) onto V*Q of the vector field u (2.4.4) on Q. Moreover, let u be a 
variational symmetry of a Lagrangian L^. It follows at once from the equality (3.5.10) 
that u is an exact symmetry of L H . The corresponding conserved symmetry current reads 

% = Ptf - dU. (3.5.12) 

We agree to call the vector field u (2.4.4) the Hamiltonian symmetry if its canonical 
lift u (3.3.3) onto V*Q is a variational (consequently, exact) symmetry of the Lagrangian 
Lh (3.3.1). If a Hamiltonian symmetry is vertical, the corresponding conserved symmetry 
current 3~ = piu 1 is called the Noether current. 

Proposition 3.5.4: The Hamilton vector field 7# (3.1.20) is a unique variational sym- 
metry of Lh whose conserved generalized symmetry current equals zero. □ 

It follows that, given a non- vertical variational symmetry v , — 1, of a Lagrangian 
L H , there exists a vertical variational symmetry v — 7^ possessing the same generalized 
conserved symmetry current % v = ^v--y H as v. 

THEOREM 3.5.5: Any integral of motion F of a Hamiltonian system (V*Q,H) is a 
generalized conserved current F = of the Hamiltonian vector field 

& F &Fd F - d l Fd F 

ofF. □ 

Proof: If v = -&f and = F, the relation (3.5.10) is satisfied owing to the equality (3.5.9). 
QED 

It follows from Theorem 3.5.5 that the Lie algebra of integrals of motion of a Hamilto- 
nian system in Proposition 3.5.2 coincides with the Lie algebra of conserved generalized 
symmetry currents with respect to the bracket 

{F,F'} V = {T^ F ,T^ F ,}y = %[# F ,& F ,]. 

In accordance with Theorem 3.5.5, any integral of motion of a Hamiltonian system 
can be treated as a conserved generalized current along a vertical variational symmetry. 
However, this is not convenient for the study of energy conservation laws. 
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Let Sr (3.1.17) be the energy function of a Hamiltonian system relative to a reference 
frame L. Given bundle coordinates adapted to L, its evolution equation (3.5.1) takes the 
form 



It follows that, an energy of a Hamiltonian system relative to a reference frame L is an 
integral of motion iff a Hamiltonian, written with respect to the coordinates adapted to 
T, is time- independent. By virtue of Theorem 3.5.5, if Sr is an integral of motion, it is a 
conserved generalized symmetry current of the variational symmetry 

ih + % = -(d t + rd t - pjdiVd 1 ) = -f . 

This is the canonical lift (3.3.3) onto V*Q of the vector field — r (1.1.16) on Q. Conse- 
quently, — T is an exact symmetry, and — L is a Hamiltonian symmetry. 

Example 3.5.1: Let us consider the Kepler system on the configuration space Q (2.4.28) in 
Example 2.4.5. Its phase space is 

V*Q = lxl 6 

coordinated by {t,q l ,pi). The Lagrangian (2.4.29) and (2.4.33) of the Kepler system is hyper- 
regular. The associated Hamiltonian form reads 




d t S r = d t n. 



(3.5.13) 




(3.5.14) 



The correspondin; 



-g 



Lagrangian Lh (3.3.1) is 




(3.5.15) 



The Kepler system possesses the following integrals of motion: 

• an energy function £ = W; 

• orbital momenta 



Mi = q a Pb - q b p a 



(3.5.16) 



• components of the Rung-Lenz vector 



.a 



A a =Y.(Q a Pb-q b Pa)p b 



r 



(3.5.17) 



b 



These integrals of motions are the conserved currents of: 

• the exact symmetry dt, 

• the exact vertical symmetries 



v a b =q a d b -q b d a -p b d a + Pa d\ 



(3.5.18) 
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• the variational vertical symmetries 




(3.5.19) 



respectively. Note that the vector fields v% (3.5.18) are the canonical lift (3.3.3) onto V*Q of 
the vector fields 



on Q. Thus, these vector fields are vertical Hamiltonian symmetries, and integrals of motion 
M£ (3.5.16) are the Noether currents. ^> 

Let us remind that, in contrast with the Rung-Lenz vector (3.5.19) in Hamiltonian 
mechanics, the Rung-Lenz vector (2.4.34) in Lagrangian mechanics fails to come from 
variational symmetries of a Lagrangian. There is the following relation between Lagran- 
gian and Hamiltonian symmetries if they are the same vector fields on a configuration 
space Q. 

Theorem 3.5.6: Let a Hamiltonian form H be associated with an almost regular 
Lagrangian L. Let r be a solution of the Hamilton equation (3.1.21) - (3.1.22) for H 
which lives in the Lagrangian constraint space N^. Let s = 7Tn ° r be the corresponding 
solution of the Lagrange equation for L so that the relation (3.4.12) holds. Then, for any 
vector field u (2.4.4) on a fibre bundle Q — > R, we have 



where % u is the symmetry current (2.4.21) on J X Y and X~ is the symmetry current (3.5.12) 
on V*Q. □ 

By virtue of Theorems 3.4.3 - 3.4.4, it follows that: 

• if % u in Theorem 3.5.6 is a conserved symmetry current, then the symmetry current 
%~ (3.5.20) is conserved on solutions of the Hamilton equation which live in the Lagrangian 
constraint space; 

• if T~ in Theorem 3.5.6 is a conserved symmetry current, then the symmetry current 
1 U (3.5.20) is conserved on solutions s of the Lagrange equation which obey the condition 



< = q a d b - q b d t 



a 



S~(r) = 1 u (7r n o r), Z~(L o j's) = % u (s), 



(3.5.20) 



(3.4.12). 
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Appendixes 



For the sake of convenience of the reader, this Chapter summarizes the relevant material on 
differential geometry of fibre bundles and modules over commutative rings [14, 18, 30, 44]. 

4.1 Geometry of fibre bundles 

Throughout this Section, all morphisms are smooth (i.e., of class C°°), and manifolds 
are smooth real and finite-dimensional. A smooth manifold is customarily assumed to be 
Hausdorff and second-countable. Consequently, it is locally compact and paracompact. 
Unless otherwise stated, manifolds are assumed to be connected (and, consequently, arc- 
wise connected). 

Given a smooth manifold Z, by i\z '■ TZ — > Z is denoted its tangent bundle. Given 
manifold coordinates (z a ) on Z, the tangent bundle TZ is equipped with the holonomic 
coordinates 



with respect to the holonomic frames {d\} in the tangent spaces to Z. Any manifold 
morphism / : Z — >■ Z' yields the tangent morphism 



of their tangent bundles. 
4.1.1 Fibred manifolds 

Let M and iV be smooth manifolds and / : M — > N a manifold morphism. Its rank 
rankp/ at a point p G M is defined as the rank of the tangent map 



Tf :TZ ->■ TZ' i 




T p f : T p M -> T f(p) N, 



p e M. 
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Since the function p — > rank p / is lower semicontinuous, a manifold morphism / of maximal 
rank at a point p also is of maximal rank on some open neighborhood of p. A morphism 
/ is said to be an immersion if T p f, p G M, is injective and a submersion if T p f, p G M, 
is surjective. Note that a submersion is an open map (i.e., an image of any open set is 
open). 

If / : M — > N is an injective immersion, its range is called a submanifold of N. A 
submanifold is said to be imbedded if it also is a topological subspace. In this case, / is 
called an imbedding. For the sake of simplicity, we usually identify (M, /) with f(M). If 
M C N, its natural injection is denoted by %m '■ M — > N. There are the following criteria 
for a submanifold to be imbedded. 

Theorem 4.1.1: Let (M, /) be a submanifold of N. 

(i) A map / is an imbedding iff, for each point p G M, there exists a (cubic) coordinate 
chart (V,ip) of N centered at f(p) so that f(M) fl V consists of all points of V with 
coordinates (x 1 , . . . , x m , 0, . . . , 0). 

(ii) Suppose that / : M — > N is a proper map, i.e., the inverse images of compact sets 
are compact. Then (M, /) is a closed imbedded submanifold of N. In particular, this 
occurs if M is a compact manifold. 

(iii) If dimM = dim N, then (M, /) is an open imbedded submanifold of N. □ 

If a manifold morphism 

7r:F^X, dimX = n>0, (4.1.1) 

is a surjective submersion, one says that: (i) its domain Y is a fibred manifold, (ii) X is 
its base, (iii) n is a fibration, and (iv) Y x = 7r _1 (a;) is a fibre over x G X. 

By virtue of the inverse function theorem [47], the surjection (4.1.1) is a fibred manifold 
iff a manifold Y admits an atlas of fibred coordinate charts (Uy x x , y l ) such that (x x ) are 
coordinates on tt{Uy) C X and coordinate transition functions read 

x' x = f x (x»), y H = f(x*,yi). 

The surjection n (4.1.1) is a fibred manifold iff, for each point y G Y, there exists 
a local section s of Y — > X passing through y. Recall that by a local section of the 
surjection (4.1.1) is meant an injection s : U — > Y of an open subset U C X such that 
it os — Id U, i.e., a section sends any point x G X into the fibre Y x over this point. A local 
section also is defined over any subset iV G X as the restriction to N of a local section 
over an open set containing N. If U — X, one calls s the global section. A range s(U) of 
a local section s : U — > Y of a fibred manifold Y — > X is an imbedded submanifold of Y. 
A local section is a closed map, sending closed subsets of U onto closed subsets of Y. If 
s is a global section, then s(X) is a closed imbedded submanifold of Y. Global sections 
of a fibred manifold need not exist. 
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Theorem 4.1.2: Let Y — > X be a fibred manifold whose fibres are diffeomorphic to M m . 
Any its section over a closed imbedded submanifold (e.g., a point) of X is extended to a 
global section [44]. In particular, such a fibred manifold always has a global section. □ 

Given fibred coordinates (Uy] x x ,y l ), a section s of a fibred manifold Y — > X is 
represented by collections of local functions {s % = y % o s} on ir(Uy). 

Morphisms of fibred manifolds, by definition, are fibrewise morphisms, sending a fibre 
to a fibre. Namely, a fibred morphism of a fibred manifold 7r : Y — > X to a fibred manifold 
7r' : Y' — > X' is defined as a pair ($, /) of manifold morphisms which form a commutative 
diagram 



x 



7r' O $ = / O 7T. 



Fibred injections and surjections are called monomorphisms and epimorphisms, respec- 
tively. A fibred diffeomorphism is called an isomorphism or an automorphism if it is an 
isomorphism to itself. For the sake of brevity, a fibred morphism over / = Id X usually is 
said to be a fibred morphism over X, and is denoted by Y — > Y' . In particular, a fibred 

X 

automorphism over X is called a vertical automorphism. 
4.1.2 Fibre bundles 

A fibred manifold Y — > X is said to be trivial if Y is isomorphic to the product X x V. 
Different trivializations of Y — > X differ from each other in surjections Y — > V. 

A fibred manifold Y — > X is called a fibre bundle if it is locally trivial, i.e., if it admits 
a fibred coordinate atlas {(7r" 1 (L^); x x , y 1 )} over a cover {n^ 1 ^)} of Y which is the 
inverse image of a cover it = {U^} of X. In this case, there exists a manifold V, called a 
typical fibre, such that Y is locally diffeomorphic to the splittings 

^ : 7r -1 (C/f) 4(/ c xV, (4.1.2) 

glued together by means of transition functions 

Q(C = ^ o -0^ : n u c x v ->• n u c x v (4.1.3) 

on overlaps fl U^. Transition functions fulfil the cocycle condition 

QK Qct. = (4- 1 - 4 ) 

on all overlaps U% fl fl U L . Restricted to a point x G X, trivialization morphisms ip^ 
(4.1.2) and transition functions (4.1.3) define diffeomorphisms of fibres 

4>t(x) :Y X ^V, xe (4.1.5) 
Q K (x):V->V, xeU^f]U c . (4.1.6) 
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Trivialization charts (U^ip^) together with transition functions (4.1.3) constitute a 
bundle atlas 

* = {(£/^W (4-1.7) 

of a fibre bundle Y — > X. Two bundle atlases are said to be equivalent if their union 
also is a bundle atlas, i.e., there exist transition functions between trivialization charts of 
different atlases. All atlases of a fibre bundle are equivalent. 

Given a bundle atlas \1/ (4.1.7), a fibre bundle Y is provided with the fibred coordinates 

x\y) = (x x o7r)(y), y\y) = {y l o ^)(y), y £ 7r _1 (L^), 

called the bundle coordinates, where y l are coordinates on a typical fibre V. 

A fibre bundle Y — > X is uniquely defined by a bundle atlas. Given an atlas \1/ (4.1.7), 
there exists a unique manifold structure on Y for which 7r : Y — > X is a fibre bundle with 
a typical fibre V" and a bundle atlas VP. 

There are the following useful criteria for a fibred manifold to be a fibre bundle. 

THEOREM 4.1.3: If a fibration n : Y — > X is a proper map, then Y — > X is a fibre 
bundle. In particular, a compact fibred manifold is a fibre bundle. □ 

Theorem 4.1.4: A fibred manifold whose fibres are diffeomorphic either to a compact 
manifold or R r is a fibre bundle [34] . □ 

A comprehensive relation between fibred manifolds and fibre bundles is given in Re- 
mark 4.3.1. It involves the notion of an Ehresmann connection. 

Forthcoming Theorems 4.1.5 - 4.1.7 describe the particular covers which one can 
choose for a bundle atlas [18]. 

Theorem 4.1.5: Any fibre bundle over a contractible base is trivial. □ 

Note that a fibred manifold over a contractible base need not be trivial. It follows from 
Theorem 4.1.5 that any cover of a base X by domains (i.e., contractible open subsets) is 
a bundle cover. 

THEOREM 4.1.6: Every fibre bundle Y — > X admits a bundle atlas over a countable 
cover it of X where each member £/e of it is a domain whose closure is compact. □ 

If a base X is compact, there is a bundle atlas of Y over a finite cover of X which 
obeys the condition of Theorem 4.1.6. 

Theorem 4.1.7: Every fibre bundle Y — > X admits a bundle atlas over a finite cover il 
of X, but its members need not be contractible and connected. □ 

A fibred morphism of fibre bundles is called a bundle morphism. A bundle monomor- 
phism $ : Y — > Y' over X onto a submanifold $(Y) of Y' is called a subbundle of a fibre 
bundle Y' — > X. There is the following useful criterion for an image and an inverse image 
of a bundle morphism to be subbundles. 
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Theorem 4.1.8: Let $ : Y — > Y' be a bundle morphism over X. Given a global section 
s of the fibre bundle Y' — > X such that s(X) C $(F), by the kernel of a bundle morphism 
<3> with respect to a section s is meant the inverse image 

Ker s $ = $ _1 (s(X)) 

of s(X) by $. If $ : K — > Y' is a bundle morphism of constant rank over X, then $(V) 
and Ker s $ are subbundles of V and Y, respectively. □ 

The following are the standard constructions of new fibre bundles from old ones. 

• Given a fibre bundle n : Y — > X and a manifold morphism / : X' — >■ X, the pull-back 
of Y by / is called the manifold 

f*Y = {(x',y) EX'xY : n(y) = f(x')} (4.1.8) 

together with the natural projection (x',y) — » It is a fibre bundle over X' such that 
the fibre of f*Y over a point x' G X' is that of Y over the point f(x') G X. There is the 
canonical bundle morphism 

f Y : f*Y 3 (x',y)\ My)=f{xl) y eY (4.1.9) 
Any section s of a fibre bundle Y — > X yields the pull-back section 

rs(x') = (x',s(f(x')) 
of f*Y ->■ X'. 

• If X' C X is a submanifold of X and ix' is the corresponding natural injection, then 
the pull-back bundle 

i* x ,Y = Y\ x , 

is called the restriction of a fibre bundle Y to the submanifold X' C X. If X' is an 
imbedded submanifold, any section of the pull-back bundle 

Y\ x > -> X' 

is the restriction to X' of some section of Y — > X. 

• Let 7i : Y — > X and ir' : Y' — > X be fibre bundles over the same base X. Their 
bundle product Y XxY' over X is defined as the pull-back 

YxY' = n*Y' or YxY f = tt'*Y 

together with its natural surjection onto X. Fibres of the bundle product YxY' are the 
Cartesian products Y x x Y' x of fibres of fibre bundles Y and Y' . 

• Let us consider the composite fibre bundle 

r^s^x. (4.1.10) 

It is provided with bundle coordinates (x A , a m , y l ), where (x x , a m ) are bundle coordinates 
on a fibre bundle E — >■ X, i.e., transition functions of coordinates a m are independent of 
coordinates y l . Let h be a global section of a fibre bundle E — > X. Then the restriction 
Y h = h*Y of a fibre bundle Y ->■ E to /i(X) C E is a subbundle of a fibre bundle F ->■ X. 
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4.1.3 Vector and affine bundles 

A fibre bundle ir : Y — > X is called a vector bundle if both its typical fibre and fibres are 
finite-dimensional real vector spaces, and if it admits a bundle atlas whose trivialization 
morphisms and transition functions are linear isomorphisms. Then the corresponding 
bundle coordinates on Y are linear bundle coordinates (y l ) possessing linear transition 
functions y' % = A l ^{x)yK We have 

y = y'eMy)) = yty^Trfo))- 1 ^), n(y) G (4.1.11) 

where {ej} is a fixed basis for a typical fibre V of Y and {e,i(x)} are the fibre bases (or 
the frames) for the fibres Y x of Y associated to a bundle atlas \&. 

By virtue of Theorem 4.1.2, any vector bundle has a global section, e.g., the canonical 
global zero- valued section 0(x) =0. 

Theorem 4.1.9: Let a vector bundle Y — > X admit m = dimV nowhere vanishing 

m 

global sections Sj which are linearly independent, i.e., A s« ^ 0. Then Y is trivial. □ 

Global sections of a vector bundle Y — > X constitute a projective C°°(X)-module 
Y(X) of finite rank. It is called the structure module of a vector bundle. The well-known 
Serre-Swan theorem [12] states the categorial equivalence between the vector bundles over 
a smooth manifold X and projective C oc (X)-modules of finite rank. 

There are the following particular constructions of new vector bundles from the old 
ones. 

• Let Y — > X be a vector bundle with a typical fibre V. By Y* — > X is denoted the 
dual vector bundle with the typical fibre V*, dual of V. The interior product of Y and 
Y* is defined as a fibred morphism 

\:Y(g)Y* — >IxR. 
J x 

• Let Y — > X and Y' — > X be vector bundles with typical fibres V and V, respectively. 
Their Whitney sum Y ®x Y' is a vector bundle over X with the typical fibre V © V . 

• Let Y — > X and Y' — > X be vector bundles with typical fibres V and V, respectively. 
Their tensor product Y ®x Y' is a vector bundle over X with the typical fibre V <E> V . 
Similarly, the exterior product of vector bundles Y Ax Y' is defined. The exterior product 

AY = X x M©F©AF©---© AF, k = dim Y - dim X, (4.1.12) 

XXX 

is called the exterior bundle. 

• If Y' is a subbundle of a vector bundle Y — > X, the factor bundle Y/Y' over X is 
defined as a vector bundle whose fibres are the quotients Y x jY' x , x <E X. 

By a morphism of vector bundles is meant a linear bundle morphism, which is a linear 
fibrewise map whose restriction to each fibre is a linear map. 
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Given a linear bundle morphism $ : Y' — > Y of vector bundles over X, its kernel Ker $ 
is defined as the inverse image $ _1 (0(X)) of the canonical zero- valued section 0(X) of Y. 
By virtue of Theorem 4.1.8, if <£> is of constant rank, its kernel and its range are vector 
subbundles of the vector bundles Y' and Y, respectively. For instance, monomorphisms 
and epimorphisms of vector bundles fulfil this condition. 

Remark 4.1.1: Given vector bundles Y and Y' over the same base X, every linear bundle 
morphism 

<& :Y X 3 { ei (x)} -> {^{x)e' k {x)} G ^ 
over X defines a global section 

$ : x ->■ ^(x)e*(x) <8> e' fc (x) 

of the tensor product Y <g> 1"*, and vice versa. 

A sequence y -*->• y ^ y" of vector bundles over the same base X is called exact 
at y if Ker j = Imi. A sequence of vector bundles 

o ->■ y y -A y" ->■ o (4.1.13) 

over X is said to be a short exact sequence if it is exact at all terms Y', Y, and Y" . This 
means that % is a bundle monomorphism, j is a bundle epimorphism, and Ker j = Imi. 
Then Y" is isomorphic to a factor bundle Y/Y' . Given an exact sequence of vector bundles 
(4.1.13), there is the exact sequence of their duals 

->■ y"* -A y* y* ->■ 0. 

One says that the exact sequence (4.1.13) is split if there exists a bundle monomorphism 
s : Y" — > Y such that j o s = Id Y" or, equivalently, 

y = i(Y') © s (y") = y © Y". 

Theorem 4.1.10: Every exact sequence of vector bundles (4.1.13) is split [19]. □ 

The tangent bundle TZ and the cotangent bundle T*Z of a manifold Z exemplify 
vector bundles. Given an atlas = {{U L ,(j) L )} of a manifold Z, the tangent bundle is 
provided with the holonomic bundle atlas 

#t = {(£/., ^ = ?> t )}- (4-1.14) 

The associated linear bundle coordinates are holonomic coordinates {z x ). 

The cotangent bundle of a manifold Z is the dual T*Z — > Z of the tangent bundle 
TZ — >■ Z. It is equipped with the holonomic coordinates 

( x ■ s _dz» . 
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with respect to the coframes {dz x } for T*Z which are the duals of {d\}. 
The tensor product of tangent and cotangent bundles 

ra k 

T = (®TZ)®(®T*Z), m,keN, (4.1.15) 

is called a tensor bundle, provided with holonomic bundle coordinates i^ 1 .'.'.^ possessing 
transition functions 

. /ai a dz' a ' dz' a ™ dz^ dz Vk .„ „ 

Pi-Pk ~ Q zf ii ' ' ' Q z ihn Qz'Pi ' ' ' Q z iP k v i-»k ' 

Let 7Ty : TY — > Y be the tangent bundle of a fibred manifold n : Y — > X. Given fibred 
coordinates (x x ,y l ) on Y, it is equipped with the holonomic coordinates (x x , y\ x x , y l ). 
The tangent bundle TY — y Y has the subbundle VY = Ker (Tir), which consists of the 
vectors tangent to fibres of Y. It is called the vertical tangent bundle of Y, and it is 
provided with the holonomic coordinates (x x ,y\y l ) with respect to the vertical frames 
{di}. Every fibred morphism $ : Y — y Y' yields the linear bundle morphism over $ of 
the vertical tangent bundles 

d¥ ■ 

\/$ : VY ->• VY', y n oV<S> = —y J . (4.1.16) 

y 

It is called the vertical tangent morphism. 

In many important cases, the vertical tangent bundle VY — y Y of a fibre bundle 
Y — y X is trivial, and it is isomorphic to the bundle product 

VY = YxY, (4.1.17) 

x 

where Y — y X is some vector bundle. One calls (4.1.17) the vertical splitting. For 
instance, every vector bundle Y — y X admits the canonical vertical splitting 

VY = Y®Y. (4.1.18) 

x 

The vertical cotangent bundle V*Y — y Y of a fibred manifold Y — y X is defined as 
the dual of the vertical tangent bundle VY —y Y. It is not a subbundle of the cotangent 
bundle T*Y, but there is the canonical surjection 

( : T*Y 3 x x dx x + y t dy l -> y~dy l G V*Y, (4.1.19) 

where the bases {dy 1 }, possessing transition functions 

v = 

are the duals of the vertical frames {di} of the vertical tangent bundle VY. 
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For any fibred manifold Y, there exist the exact sequences of vector bundles 

->■ VY — >TY ^FxTI^O, (4.1.20) 

x 

^Y xT*X ^T*Y -^V*Y 0. (4.1.21) 

x 

Their splitting, by definition, is a connection on Y — > X (Section 4.3.1). 

Let us consider the tangent bundle TT*X of T*X and the cotangent bundle T*TX 
of TX. Relative to coordinates (x x ,p x = x x ) on T*X and (x x ,x x ) on TX, these fibre 
bundles are provided with the coordinates (x x ,p x , x x ,p x ) and (x x , x x , x x , x x ), respectively. 
By inspection of the coordinate transformation laws, one can show that there is an iso- 
morphism 

a : TT*X = T*TX, p x < — > x x , p x < — ► x x (4.1.22) 

of these bundles over TX. Given a fibred manifold Y — > X, there is the similar isomor- 
phism 

a v : VV*Y = V*VY, Pl <— > y t , Vl <— > Vi (4.1.23) 

over VY, where (x x , y\ pi, y\ p\) and (x A , y\ y\ yi, y\) are coordinates on VV*Y and V*VY, 
respectively. 

Let 7T : F — > X be a vector bundle with a typical fibre V. An affme bundle modelled 
over the vector bundle Y — > X is a fibre bundle 7r : Y — > X whose typical fibre V is an 
afline space modelled over V, all the fibres Y x of Y are afline spaces modelled over the 
corresponding fibres Y x of the vector bundle Y, and there is an afline bundle atlas 

* = {(U a ,lj> x ),Q x<: } 

of Y — > X whose local trivializations morphisms ip x (4.1.5) and transition functions q x ^ 
(4.1.6) are affme isomorphisms. 

Dealing with affine bundles, we use only afline bundle coordinates (y l ) associated to 
an affine bundle atlas There are the bundle morphisms 

YXY — »y, (y\f)^yt + y\ 

X ^ 

YXY — >F, (y\y»)^y*-y>\ 

where (y 1 ) are linear coordinates on a vector bundle Y. 

By virtue of Theorem 4.1.2, affine bundles have global sections, but in contrast with 
vector bundles, there is no canonical global section of an affine bundle. Let n : Y — > X 
be an afline bundle. Every global section s of an afline bundle Y — > X modelled over a 
vector bundle Y — > X yields the bundle morphisms 

Y_3y^y-s(n(y))eY, (4.1.24) 
F 3y^s(ir(y)) + y eY. (4.1.25) 
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In particular, every vector bundle Y has a natural structure of an affine bundle due to 
the morphisms (4.1.25) where s = is the canonical zero- valued section of Y. 

Theorem 4.1.11: Any afnne bundle Y — > X admits bundle coordinates (x x ,y l ) possess- 
ing linear transition functions y' % = A l j{x)y^ [14]. □ 

By a morphism of afnne bundles is meant a bundle morphism $ : Y — > Y' whose 
restriction to each fibre of Y is an affine map. It is called an affine bundle morphism. 
Every affine bundle morphism $ : Y — > Y' of an affine bundle Y modelled over a vector 
bundle Y to an affine bundle Y' modelled over a vector bundle Y yields an unique linear 
bundle morphism 

— _ _ , . — d¥ ■ 

y"o<D = — y\ (4.1.26) 

called the linear derivative of $. 

Every affine bundle Y — > X modelled over a vector bundle Y — > X admits the canon- 
ical vertical splitting 

VY = YxY. (4.1.27) 



4.1.4 Vector and multivector fields 

Vector fields on a manifold Z are global sections of the tangent bundle TZ — > Z. 

The set Ti(Z) of vector fields on Z is both a C°°(Z)-module and a real Lie algebra 
with respect to the Lie bracket 

u = u x d\, v = v x d\, 
[v,u] = (v x d x u^ - v^dxv^d^. 

Given a vector field u on X, a curve 

c:1d(,)->2 

in Z is said to be an integral curve of u if Tc = u(c). Every vector field u on a manifold 
Z can be seen as an infinitesimal generator of a local one-parameter group of local diffeo- 
morphisms (a flow), and vice versa [22]. One- dimensional orbits of this group are integral 
curves of u. 

A vector field is called complete if its flow is a one-parameter group of diffeomorphisms 
of Z. 

THEOREM 4.1.12: Any vector field on a compact manifold is complete. □ 

A vector field wona fibred manifold Y — > X is called projectable if it is projected 
onto a vector field on X, i.e., there exists a vector field r on X such that 

T O 7T = Til O U. 
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A projectable vector field takes the coordinate form 

u = m a (x m )<9 a + u^x", y j )di, r = u x d x . (4.1.28) 

A projectable vector field is called vertical if its projection onto X vanishes, i.e., if it lives 
in the vertical tangent bundle VY. 

A vector field r = r x d x on a base X of a fibred manifold Y — > X gives rise to a 
vector field on Y by means of a connection on this fibre bundle (see the formula (4.3.3)). 
Nevertheless, every tensor bundle (4.1.15) admits the functorial lift of vector fields 

f = r"0„ + {d^x-rft + ■■■- fy^x^X - . . ]di\tl, (4.1.29) 
where we employ the compact notation 

4 = A. (4.1.30) 

This lift is an M-linear monomorphism of the Lie algebra Ti{X) of vector fields on X to 
the Lie algebra T\{Y) of vector fields on Y. In particular, we have the functorial lift 

f = T ^ + di/T ^JL (4.1.31) 

of vector fields on X onto the tangent bundle TX and their functorial lift 

r = r^-^r^J- (4.1.32) 

onto the cotangent bundle T*X. 

Let Y — )> X be a vector bundle. Using the canonical vertical splitting (4.1.18), we 
obtain the canonical vertical vector field 

u Y = y l di (4.1.33) 

on Y, called the Liouville vector field. For instance, the Liouville vector field on the 
tangent bundle TX reads 

u TX = x x d x . (4.1.34) 

Accordingly, any vector field r = r x d\ on a manifold X has the canonical vertical lift 

t v = r x d x (4.1.35) 

onto the tangent bundle TX. 

A multivector field d of degree = r (or, simply, an r- vector field) on a manifold Z 
is a section 

^ = ^ Xl - Xr d Xl A---Ad Xr (4.1.36) 
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of the exterior product ATZ — > Z. Let %(Z) denote the C°°(Z)-module space of r-vector 
fields on Z. All multivector fields on a manifold Z make up the graded commutative 
algebra %(Z) of global sections of the exterior bundle ATZ (4.1.12) with respect to the 
exterior product A. 

Given an r-vector field d (4.1.36) on a manifold Z, its tangent lift d onto the tangent 
bundle TZ of Z is defined by the relation 

$(<j r ,...,<j 1 )=#(ar~,ai) (4.1.37) 

where [17]: 

• o k = a k dz x are arbitrary one-forms on a manifold Z, 

• by 

a k = z^d lx a^dz x + o\dz x 

are meant their tangent lifts (4.1.41) onto the tangent bundle TZ of Z, 

• the right-hand side of the equality (4.1.37) is the tangent lift (4.1.39) onto TZ of 
the function $(cr r ', . . . , a 1 ) on Z. 

The tangent lift (4.1.37) takes the coordinate form 

# = ^d^-^dx, A • ■ ■ A d\ r + (4.1.38) 

^a,..a, j^dx, A-A^A-A^]. 

i=i 

In particular, if r is a vector field on a manifold Z, its tangent lift (4.1.38) coincides with 
the functorial lift (4.1.31). 

4.1.5 Differential forms 

An exterior r-form on a manifold Z is a section 

= -Ax,...x r dz Xl A • • • A cb A " 
r! 

r 

of the exterior product AT*Z — > Z, where 

dz Xl A • • • A dz Xr = ^e Xl - Xr ^..^dz" 1 <g> • • • <g> cb Mr , 

...A j . . .Xj . . . __ . . . Xj . . .\i . . . __ ...Xi...Xj ... 

e Xl - Xr Xl ...x r = I- 
Sometimes, it is convenient to write 
= K...x r dz Xl A • • • A 
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without the coefficient l/r\. 

Let O r (Z) denote the C°°(Z)-module of exterior r-forms on a manifold Z. By def- 
inition, O (Z) = C°°(Z) is the ring of smooth real functions on Z. All exterior forms 
on Z constitute the graded algebra 0*(Z) of global sections of the exterior bundle AT*Z 
(4.1.12) endowed with the exterior product 

= -Ax^.xjz^ A • • • A dz x \ a = -.o^dz^ A • • • A dz» s , 
r! si 

A a = - T1 0v 1 .. Mr (Tv r+1 ...v r+ dz Ul A • • • A dz" r+s = 

TlSl 

r\s\[r + sj! 

such that 

A( j= (-1) WH (TA^ 

where the symbol |0| stands for the form degree. The algebra 0*{Z) also is provided with 
the exterior differential 

I 

dcp = dz^ 1 A <9 M = —d^ Xl ...\ r d^ A dz Xl A ■ • • A cfe Ar 

which obeys the relations 

d o d = 0, d{4> A a) = d(0) Aa+ (-l) l?i| A 

The exterior differential d makes 0*(Z) into a differential graded algebra, called the 
exterior algebra. 

Given a manifold morphism f : Z —> Z', any exterior A;- form on Z 7 yields the 
pull-back exterior form f*<f> on Z given by the condition 

r<Kv\ v k ){z) = 0(T/(^), . . . , Tf{v k )){f{z)) 

for an arbitrary collection of tangent vectors v 1 , • • ■ , v k G T Z Z. We have the relations 

f*^ A a) = A f* a, df* "<f> = f* (#) . 

In particular, given a fibred manifold 7r : V — > X, the pull-back onto Y of exterior forms 
on X by 7r provides the monomorphism of graded commutative algebras 0*{X) —¥ 0*(Y). 
Elements of its range ir*0*(X) are called basic forms. Exterior forms 

r 1 

: Y ->■ A T*X, = -0 Al A da; Al A ■ ■ • A dx Ar , 

r! 

on Y such that «J0 = for an arbitrary vertical vector field u on Y are said to be 
horizontal forms. Horizontal forms of degree n = dim X are called densities. 
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In the case of the tangent bundle TX — > X, there is a different way to lift exterior 
forms on X onto TX [17, 25]. Let / be a function on X. Its tangent lift onto TX is 
defined as the function 



/ = x x d x f. (4.1.39) 

Let a be an r-form on X. Its tangent lift onto TX is said to be the r-form a given by 
the relation 

a(n,..., f r ) = a(n, . . . , r r ), (4.1.40) 

where Tj are arbitrary vector fields on X and % are their functorial lifts (4.1.31) onto TX. 
We have the coordinate expression 



a = —,<T Xl ... Xr dx Xl A • • • A dx Xr , 

T I 

a = -[i^<7 Al ... Ar cfc Al A • • • A dx Xr + (4.1.41) 

r 

(T\ 1 ...\ r dx Xl A • • • A dx x ' A • • • A dx Xr 

i=i 



The following equality holds: 
da = da. 

The interior product (or contraction) of a vector field u and an exterior r-form on a 
manifold Z is given by the coordinate expression 

r ( — l)k-l _ A 

^ = E ] u Xk (j) Xl ... Xk ... Xr dz Xl A • • • A dz k A • • • A dz Xr = 

k=i r - 

j^-yU^<P m2 ,,, ar dz a2 A • • • A dz ar , 
where the caret ~ denotes omission. It obeys the relations 

0(«1, . . . ,U r ) = U r \ ■ ■ 

u\((j)Aa) =u\<pAa+(-l) w <i)Au\a. (4.1.42) 
A generalization of the interior product to multivector fields is the left interior product 

tfJ0 = 0(tf), < |0|, <PeO*{Z), #e%(Z), 

of multivector fields and exterior forms. It is defined by the equalities 
4>{u\ A • • • A u r ) = 4>{u\, . . . , u r ), 4>eO*(Z), Ui G T\{Z\ 
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and obeys the relation 

§\v\<p = (t;A^)J0 = (-i) HI %J^J0, (j)eO*(Z), $,ve%(z). 

The Lie derivative of an exterior form <fi along a vector field u is 

L u = Mjd0 + d(wj0), (4.1.43) 
L u (0 A a) = L u (f) A a + A L u a. (4.1.44) 

In particular, if / is a function, then 
L„/ = «(/) = ujd/. 

An exterior form <p is invariant under a local one-parameter group of diffeomorphisms G t 
of Z (i.e., G*0 = 4>) iff its Lie derivative along the infinitesimal generator u of this group 
vanishes, i.e., 

L n = 0. 

Following physical terminology (Definition 1.10.6), we say that a vector field u is a sym- 
metry of an exterior form 0. 

A tangent-valued r-form on a manifold Z is a section 

= ^a,..a,^ Ai A • • • A cfc*- ® ^ (4.1.45) 
of the tensor bundle 

Kt*z®tz ->■ z. 

Remark 4.1.2: There is one-to-one correspondence between the tangent-valued one- forms 
on a manifold Z and the linear bundle endomorphisms 

$:TZ ->TZ, $: T Z Z 3»4 v\<j>(z) € T Z Z, (4.1.46) 
$*:T*Z^T*Z, 0* :T*Z 3 v* ^ (j)(z)\v* £T*Z, (4.1.47) 

over Z (Remark 4.1.1). For instance, the canonical tangent-valued one-form 

e z = dz x ®d x (4.1.48) 

on Z corresponds to the identity morphisms (4.1.46) and (4.1.47). (} 

Remark 4.1.3: Let Z = TX, and let TTX be the tangent bundle of TX. It is called the 
double tangent bundle. There is the bundle endomorphism 

J(d x ) = d x , J(6x) = (4.1.49) 
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of TTX over X. It corresponds to the canonical tangent-valued form 

9j = dx x ®d x (4.1.50) 
on the tangent bundle TX. It is readily observed that J o J = 0. 

The space 0*(Z) <g> 7[(Z) of tangent- valued forms is provided with the Frolicher- 
Nijenhuis bracket 

[,] FN : O r {Z) ® Ti{Z) x O s (Z) ® Ti(Z) -)• r+s (Z) ® Ti(Z), 

[a®u, (5® v] FN = (a A 0) ® [u, v] + (a A L u /3) ®v- (4.1.51) 

(L^a A /3) <g> u + (-l) r (cfa A u\/3) <g> u + (— l) r (t>Ja A <g> u, 
aeO r (Z), /3gC s (Z), u,ue7I(Z). 

Its coordinate expression is 

[0? °"]fN = ^|(0A 1 ...A r ^ (T A r+ i...A r+s ~ (T \ r+1 ...\ r+s d v ( f>\ 1 ...\ r ~ 
r 0Ai...A r _i^^A r O"A r+ i...A r+s + S(T ^A r+ 2...A r+s ^A r+ i0Ai...A r ) 

dz Xl A • • • A ck Ar+s <g> <9 M , 
0G r (Z)<8>Ti(Z), O s (Z)®Ti(Z). 

There are the relations 

[0,a] FN = (-l)^^ +1 [ C r,0] FN , (4.1.52) 
[0, [<r, #]fn]fn = [[0, a] FN , 9} FN + (-l)MH [a, [0, $]fn]fn> (4.1.53) 
0,a,^GC*(Z)®Ti(Z). 

Given a tangent- valued form 9, the Nijenhuis differential on 0*(Z) <g> 7i(Z) is defined 
as the morphism 

d e :iP^d e ip= [M]fn, ^ e ®7I(Z). 
By virtue of (4.1.53), it has the property 

t^, #]fn = [<W> ^]fn + (-l)^IW [V, d^]FN. 

In particular, if 9 = u is a vector field, the Nijenhuis differential is the Lie derivative of 
tangent-valued forms 

L u a = d u a = [u, a] FN = —Av^d^a^ Xs - cr^ Xg d u u^ + 

Kx 2 ...xd Xl u v )dx x - A • ■ ■ A dx x ° ® d,„ ere O s {Z) ® Ti(Z). 

Let Y — > X be a fibred manifold. We consider the following subspaces of the space 
0*(Y) ® 71(F) of tangent-valued forms on Y: 
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• horizontal tangent-valued forms 

: Y ->• A T*X | TY, 

= tfoA! A . . . A dx X r ^ ^(y^ + ^...^(y)^], 

• projectable horizontal tangent-valued forms 

= dx x ^ A ■ • ■ A ^ ® I[0^ Ar (x)^ + 01,..^^)^], 

• vertical-valued form 

: y ->■ a t*x ® y y = A (y)rfx Ai a • • • a ^ <g> 

V ?4 r 

• vertical-valued one-forms, called soldering forms, 

a = o\{y)dx x <g> di, (4.1.54) 

• basic soldering forms 

a = a{(x)dx x <g> d { . 

Remark 4.1.4: The tangent bundle TX is provided with the canonical soldering form 6j 
(4.1.50). Due to the canonical vertical splitting 

VTX = TX x TX, (4.1.55) 

X 

the canonical soldering form (4.1.50) on TX defines the canonical tangent- valued form Ox 
(4.1.48) on X. By this reason, tangent-valued one- forms on a manifold X also are called soldering 
forms. 

We also mention the TX-valued forms 

0:Y ^kT*X®TX, (4.1.56) 

Y 

<t> = ^K...K dxM A • ' ' A dxXr ® 
and y*y-valued forms 

: y ->■ AT*x®y*y (4.1.57) 

= ^0 Al Ar i^ Al A • • • A dx Xr <g> dy\ 
v\ 

It should be emphasized that (4.1.56) are not tangent-valued forms, while (4.1.57) are not 
exterior forms. They exemplify vector-valued forms. Given a vector bundle E — > X, by a 
E- valued A;- form on X, is meant a section of the fibre bundle 

(AT*X)(g)E* ->X 
x 
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4.1.6 Distributions and foliations 

A subbundle T of the tangent bundle TZ of a manifold Z is called a regular distribution 
(or, simply, a distribution). A vector field u on Z is said to be subordinate to a distribution 
T if it lives in T. A distribution T is called involutive if the Lie bracket of T-subordinate 
vector fields also is subordinate to T. 

A subbundle of the cotangent bundle T*Z of Z is called a codistribution T* on a 
manifold Z. For instance, the annihilator AnnT of a distribution T is a codistribution 
whose fibre over z G Z consists of covectors w G T* such that v \w = for all v G T z . 

There is the following criterion of an involutive distribution [47]. 

Theorem 4.1.13: Let T be a distribution and AnnT its annihilator. Let AAnnT(Z) 
be the ideal of the exterior algebra 0*(Z) which is generated by sections of AnnT — > Z. 
A distribution T is involutive iff the ideal AAnnT(Z) is a differential ideal, i.e., 

d(AAnnT(Z)) C AAnnT(Z). 

□ 

The following local coordinates can be associated to an involutive distribution [47]. 

Theorem 4.1.14: Let T be an involutive r-dimensional distribution on a manifold Z, 
dimZ = k. Every point z G Z has an open neighborhood U which is a domain of an 
adapted coordinate chart (z l , . . . , z k ) such that, restricted to U, the distribution T and its 
annihilator AnnT are spanned by the local vector fields d/dz 1 , • • • , d/dz r and the local 
one- forms dz r+1 , . . . , dz h , respectively. □ 

A connected submanifold N of a manifold Z is called an integral manifold of a distri- 
bution T on Z if TN C T. Unless otherwise stated, by an integral manifold is meant an 
integral manifold of dimension of T. An integral manifold is called maximal if no other 
integral manifold contains it. The following is the classical theorem of Frobenius [22, 47]. 

THEOREM 4.1.15: Let T be an involutive distribution on a manifold Z. For any z G Z, 
there exists a unique maximal integral manifold of T through z, and any integral manifold 
through z is its open subset. □ 

Maximal integral manifolds of an involutive distribution on a manifold Z are assembled 
into a regular foliation T of Z. 

A regular r-dimensional foliation (or, simply, a foliation) J 7 of a /c-dimensional manifold 
Z is defined as a partition of Z into connected r-dimensional submanifolds (the leaves of 
a foliation) F c , i G /, which possesses the following properties [37, 45]. 

A manifold Z admits an adapted coordinate atlas 

{(U^;z\z i )}, X = l,...,k-r, i = l,...,r, (4.1.58) 

such that transition functions of coordinates z x are independent of the remaining coor- 
dinates z\ For each leaf F of a foliation J 7 , the connected components of F n are 



4.2. JET MANIFOLDS 



89 



given by the equations z x =const. These connected components and coordinates (z l ) on 
them make up a coordinate atlas of a leaf F. It follows that tangent spaces to leaves of 
a foliation J 7 constitute an involutive distribution TT on Z, called the tangent bundle to 
the foliation T . The factor bundle 

VT = TZ/TJ 7 , 

called the normal bundle to J 7 , has transition functions independent of coordinates z l . 
Let TJ 7 * — y Z denote the dual of TJ 7 — > Z. There are the exact sequences 



of vector bundles over Z. 

A pair (Z, J 7 ), where J 7 is a foliation of Z, is called a foliated manifold. It should 
be emphasized that leaves of a foliation need not be closed or imbedded submanifolds. 
Every leaf has an open saturated neighborhood U, i.e., if z e U, then a leaf through z 
also belongs to U. 

Any submersion ( : Z — > M yields a foliation 



of Z indexed by elements of ((Z), which is an open submanifold of M, i.e., Z — > ({Z) 
is a fibred manifold. Leaves of this foliation are closed imbedded submanifolds. Such a 
foliation is called simple. Any (regular) foliation is locally simple. 

4.2 Jet manifolds 

This Section collects the relevant material on jet manifolds of sections of fibre bundles 
[14, 23, 30, 43]. 

4.2.1 First order jet manifolds 

Given a fibre bundle Y — > X with bundle coordinates (x x ,y l ), let us consider the equiva- 
lence classes j],s of its sections s, which are identified by their values s t (x) and the values 
of their partial derivatives d fl s l {x) at a point x e X . They are called the first order jets 
of sections at x. One can justify that the definition of jets is coordinate-independent. A 
key point is that the set J l Y of first order jets j],s, x G X, is a smooth manifold with 
respect to the adapted coordinates (x x ,y\y\) such that 




(4.1.59) 
(4.1.60) 




F={F p = C\p)} peaz) 




(4.2.1) 
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It is called the first order jet manifold of a fibre bundle Y — > X. We call (y\) the jet 
coordinate. 

A jet manifold J X Y admits the natural fibrations 

tt 1 : J l Y 3 jls —> x E X, (4.2.2) 
ttq 1 : J l Y 3 j l x s -> s(x) G Y. (4.2.3) 

A glance at the transformation law (4.2.1) shows that 7Tq is an affine bundle modelled over 
the vector bundle 

T*X <g> VY ->■ K (4.2.4) 

Y 

It is convenient to call 7T 1 (4.2.2) the jet bundle, while 7Tq (4.2.3) is said to be the affinc 
jet bundle. 

Let us note that, if Y — >■ X is a vector or an affine bundle, the jet bundle ir 1 (4.2.2) is 

so. 

Jets can be expressed in terms of familiar tangent-valued forms as follows. There are 
the canonical imbeddings 

Am : J X Y ^T*X®TY, 

y ' Y Y 

A ( i) = dx x <g> (<9 A + y\di) = dx x <g> d x , (4.2.5) 

0m : J x y ^T*y®yy 

V ' Y Y 

0(i) = (dy* - t/l^ A ) (8) 9i = 0* ® 9,, (4.2.6) 

where g?a are said to be total derivatives, and 6 l are called contact forms. 

We further identify the jet manifold J X Y with its images under the canonical mor- 
phisms (4.2.5) and (4.2.6), and represent the jets j\s = (ar\ y l , y^) by the tangent-valued 
forms A ( i) (4.2.5) and (1) (4.2.6). 

Sections and morphisms of fibre bundles admit prolongations to jet manifolds as fol- 
lows. 

Any section s of a fibre bundle Y — > X has the jet prolongation to the section 

(J 1 s)(x)=j 1 x s, y{oJ 1 s = d x s i (x), 

of the jet bundle J X Y — > X. A section of the jet bundle J X Y — > X is called integrable if 
it is the jet prolongation of some section of a fibre bundle Y — > X. 

Any bundle morphism $ : Y — > Y' over a diffeomorphism / admits a jet prolongation 
to a bundle morphism of affine jet bundles 

ji$ . jiy _^ jiy', / A o Ji$ = ^L3^ d ^\ (4.2.7) 
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Any projectable vector field u (4.1.28) on a fibre bundle Y — > X has a jet prolongation 
to the projectable vector field 

J l u = ri o J l u : J X Y -> J l TY ->■ TJ 1 ^, 

J 1 ^ = u x d\ + u'ft + (c^u* - yldxu")^, (4.2.8) 
on the jet manifold J 1 !^. In order to obtain (4.2.8), the canonical bundle morphism 

n : J l TY -+ TJ'Y, y{ o r± = {y% - y^ x 
is used. In particular, there is the canonical isomorphism 

VJ'Y = JWY, y\ = (y%. (4.2.9) 

4.2.2 Second order jet manifolds 

Taking the first order jet manifold of the jet bundle J X Y — > X, we obtain the repeated 
jet manifold J 1 J 1 F provided with the adapted coordinates 

(x\y i ,y l x ,y l ll ,y l llX ) 

possessing transition functions 

H _ UX H H _ UX H „ _ UX n 

~ dx' x ' ~~ dx' x ' mA ~~ dx" 1 A ' 

d a = d a + y J a dj + yi a dj, d a = d a + y J a dj + yi a dj. 

There exist two different affine fibrations of J X J X Y over J X Y: 

• the familiar affine jet bundle (4.2.3): 

7r n : J 1 J X Y -> J 1 ^ yio7rn = y A , (4.2.10) 

• the affine bundle 

ji^i . ji jiy ^ JX y\ o JVq 1 = y\. (4.2.11) 

In general, there is no canonical identification of these fibrations. The points q G J 1 J 1 F, 
where 

= ^o^), 

form an affine subbundle J 2 F — > J X Y of J 1 J X Y called the sesquiholonomic jet manifold. 
It is given by the coordinate conditions y\ = y\, and is coordinated by (x x , y\ y\, 
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The second order (or holonomic) jet manifold J 2 Y of a fibre bundle Y — > X can be 
defined as the affine subbundle of the fibre bundle J 2 Y — > J X Y given by the coordinate 
conditions y\ = y 1 ^. It is modelled over the vector bundle 

V T*X <g> VY J X Y, 

J l Y 

and is endowed with adapted coordinates (x A , y % , y\, y\ = y^x), possessing transition 
functions 

V'l = ^Txd a y'\ y'U = ^d a y'\. (4.2.12) 

The second order jet manifold J 2 Y also can be introduced as the set of the equivalence 
classes j 2 s of sections s of the fibre bundle Y — > X, which are identified by their values 
and the values of their first and second order partial derivatives at points x G X, i.e., 

viUZs) = dxs\x), y^ijls) = d x d,s\x). 

The equivalence classes j 2 s are called the second order jets of sections. 

Let s be a section of a fibre bundle Y — > X, and let J x s be its jet prolongation to 
a section of a jet bundle J l Y — > X. The latter gives rise to the section J 1 / 1 ,? of the 
repeated jet bundle J X J X Y — > X. This section takes its values into the second order jet 
manifold J 2 Y . It is called the second order jet prolongation of a section s, and is denoted 
by J 2 s. 

Theorem 4.2.1: Let s be a section of the jet bundle J l Y — > X, and let J l s be its jet 
prolongation to a section of the repeated jet bundle J X J X Y — > X. The following three 
facts are equivalent: 

• s = J x s where s is a section of a fibre bundle Y — > X, 

• J x s takes its values into J 2 Y ', 

• J x s takes its values into J 2 Y. □ 



4.2.3 Higher order jet manifolds 

The notion of first and second order jet manifolds is naturally extended to higher order 
jet manifolds. 

The A;-order jet manifold J k Y of a fibre bundle Y — > X comprises the equivalence 
classes j^s, x G X, of sections s of Y identified by the k + 1 terms of their Tailor series 
at points x G X . The jet manifold J k Y is provided with the adapted coordinates 

{x\y i ,y i x ,...,yi k ... Xl ), 

yUOx^^-^^), o<i<k. 
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Every section s of a fibre bundle Y — > X gives rise to the section J k s of a fibre bundle 
J k Y ->■ X such that 

!/U ^^ v ..V, < I < k. 

The following operators on exterior forms on jet manifolds are utilized: 

• the total derivative operator 

dx = d x + via i + y\ lt % + '--, (4.2.13) 

obeying the relations 

d x ((p A a) = d\(<f>) A o- + A d\(a), 
d\(d<f>) = d(d\(<f>)), 

in particular, 

dxif) = dxf + yW + y\^f + • • • , / e J k Y), 
d x {dx») = 0, d x (dyi v .. Xi ) = dy\ Xr .. Xi ; 

• the horizontal projection h given by the relations 

h (dx x ) = dx\ h (dy\ k ... Xi ) = y^ k ... Xl dx^ (4.2.14) 
in particular, 

h (dy l ) = yldaf, h (dy\) = y^dx^; 

• the total differential 

d H (<f>) = dx x Ad x (<f>), (4.2.15) 
possessing the properties 

da ° da — 0, h o d = d H o /i . 

4.2.4 Differential operators and differential equations 

Jet manifolds provide the standard language for the theory of differential equations and 
differential operators [3, 8, 24]. 

Definition 4.2.2: Let Z be an (m + n)-dimensional manifold. A system of /c-order 
partial differential equations (or, simply, a differential equation) in n variables on Z 
is defined to be a closed smooth submanifold <£ of the /c-order jet bundle J k Z of n- 
dimensional submanifolds of Z. □ 
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By its solution is meant an n- dimensional submanifold S of Z whose /c-order jets [S] k , 
z G S, belong to <£. 

Definition 4.2.3: A /c-order differential equation in n variables on a manifold Z is called 
a dynamic equation if it can be algebraically solved for the highest order derivatives, i.e., 
it is a section of the flbration J k Z — > J k ~ l Z. □ 

In particular, a first order dynamic equation in n variables on a manifold Z is a section 
of the jet bundle J\Z — > Z. Its image in the tangent bundle TZ — >• Z is an n-dimensional 
vector subbundle of TZ. If n — 1, a dynamic equation is given by a vector field 

z x (t) = u x (z(t)) (4.2.16) 

on a manifold Z. Its solutions are integral curves c(t) of the vector field u. 

Let F — > X be a fibre bundle. There are several equivalent definitions of (non-linear) 
differential operators. We start with the following. 

Definition 4.2.4: Let E — » X be a vector bundle. A /c-order E-valued differential 
operator on a fibre bundle F — > X is defined as a section £ of the pull-back bundle 

pr x : Ey = J k Y x E ^ J k Y. (4.2.17) 

□ 

Given bundle coordinates (x x ,y l ) on F and (x x ,x a ) on E 1 , the pull-back (4.2.17) is 

provided with coordinates (x x , y^, X a ) ? < |S| < /c. With respect to these coordinates, 
a differential operator £ seen as a closed imbedded submanifold £ C Ey is given by the 
equalities 

X a = £ a (x x ,yi). (4.2.18) 

There is obvious one-to-one correspondence between the sections £ (4.2.18) of the fibre 
bundle (4.2.17) and the bundle morphisms 

$ : J k Y — >E, (4.2.19) 
$ = pr 2 o £ <^ £ = (Id J fe F, $). 

Therefore, we come to the following equivalent definition of differential operators on F — > 
X. 

Definition 4.2.5: A fibred morphism 

£ : J k Y — >■ E (4.2.20) 



is called a /c-order differential operator on the fibre bundle F — > X. It sends each section 
s(x) of F ->■ X onto the section (5 o J k s)(x) of the vector bundle £ ->■ X [3, 24]. □ 
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The kernel of a differential operator is the subset 

Ker£ = £ -1 (6(X)) C J k Y, (4.2.21) 

where is the zero section of the vector bundle E — >■ X, and we assume that 0(X) C 
£(J fc r). 

Definition 4.2.6: A system of /c-order partial differential equations (or, simply, a 
differential equation) on a fibre bundle Y — > X is defined as a closed subbundle (£ of the 
jet bundle J k Y ->■ X. □ 

Its solution is a (local) section s of the fibre bundle F — >■ X such that its A;-order jet 
prolongation J k s lives in (£. 

For instance, if the kernel (4.2.21) of a differential operator S is a closed subbundle of 
the fibre bundle J k Y — > X, it defines a differential equation 

£oJ k s = 0. 

The following condition is sufficient for a kernel of a differential operator to be a 
differential equation. 

THEOREM 4.2.7: Let the morphism (4.2.20) be of constant rank. Its kernel (4.2.21) is a 
closed subbundle of the fibre bundle J k Y — > X and, consequently, is a A;-order differential 
equation. □ 



4.3 Connections on fibre bundles 

There are different equivalent definitions of a connection on a fibre bundle Y — > X. We 
define it both as a splitting of the exact sequence (4.1.20) and a global section of the affme 
jet bundle J X Y ->Y [14, 30, 43]. 

4.3.1 Connections 

A connection on a fibred manifold Y — > X is defined as a splitting (called the horizontal 
splitting) 

r : Y x TX -+TY, T : x x d x ^ x\d x + T\(y)d t ), (4.3.1) 

x x d x + tfd, = x\d x + F\di) + {y l - x x r\)di. 

of the exact sequence (4.1.20). Its range is a subbundle of TY — > Y called the horizontal 
distribution. By virtue of Theorem 4.1.10, a connection on a fibred manifold always exists. 
A connection T (4.3.1) is represented by the horizontal tangent-valued one-form 

r = dx x ® (d x + T\di) (4.3.2) 
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on Y which is projected onto the canonical tangent- valued form 6x (4.1.48) on X. 

Given a connection T on a fibred manifold Y — > X, any vector field r on a base X 
gives rise to the projectable vector field 

rr = rjr = T A (<9 A + P A( 9,) (4.3.3) 

on Y which lives in the horizontal distribution determined by T. It is called the horizontal 
lift of r by means of a connection T. 

The splitting (4.3.1) also is given by the vertical-valued form 

T = (dy i - Y\dx x ) <g> di, (4.3.4) 

which yields an epimorphism TY — > VY. It provides the corresponding splitting 

T : V*Y 3 dy l ^ dy i - Y\dx x G T*Y, (4.3.5) 
x x dx x + jjidy 1 = (x x + yiT\)dx x + y^dy* - T\dx x ), 

of the dual exact sequence (4.1.21). 

In an equivalent way, connections on a fibred manifold Y — > X are introduced as 
global sections of the affine jet bundle J X Y — > Y. Indeed, any global section T of J X Y — > 
Y defines the tangent- valued form Ai o T (4.3.2). It follows from this definition that 
connections on a fibred manifold Y — > X constitute an affine space modelled over the 
vector space of soldering forms a (4.1.54). One also deduces from (4.2.1) the coordinate 
transformation law of connections 



Remark 4.3.1: Any connection T on a fibred manifold Y — > X yields a horizontal lift of a 
vector field on X onto Y, but need not defines the similar lift of a path in X into Y. Let 

K D [, ] 3 t -»■ x(t) £X, R3t^ y(t) G Y, 

be smooth paths in X and Y, respectively. Then t — > y{t) is called a horizontal lift of x(t) if 

7r(y(t)) = x(t), y(t) € H y[t) Y, t € R, 

where HY C TY is the horizontal subbundle associated to the connection T. If, for each path 
x(t) (to < t < t±) and for any yo G 7r _1 (x(to)), there exists a horizontal lift y(t) (to < t < t±) 
such that y(to) = yo, then T is called the Ehresmann connection. A fibred manifold is a fibre 
bundle iff it admits an Ehresmann connection [18]. <0 

Hereafter, we restrict our consideration to connections on fibre bundles. The following 
are two standard constructions of new connections from old ones. 
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• Let Y and Y' be fibre bundles over the same base X. Given connections r on Y 
and T' on Y', the bundle product Y x Y' is provided with the product connection 

YxY> = dx x ®(d x + Y^ + Y^. (4.3.6) 

• Given a fibre bundle Y — > X, let / : X' — > X be a manifold morphism and f*Y 
the pull-back of Y over X'. Any connection T (4.3.4) on Y — > X yields the pull-back 
connection 

/T = (dy* - TO^')^") ® ft (4-3.7) 

on the pull-back bundle /*Y ->■ X'. 

Every connection T on a fibre bundle Y — > X defines the first order differential operator 

D v : J l Y ->■ T*X <g> VY, (4.3.8) 

L»r = Al _ r o ^ = _ 9i> 

on F called the covariant differential. If s : X — > Y is a section, its covariant differential 

V r s = L> r o J x s = (dxs* -V\o s)dx x <g> ft (4.3.9) 

and its covariant derivative V^s = rj V r s along a vector field r on X are introduced. In 
particular, a (local) section s of Y — >■ X is called an integral section for a connection T 
(or parallel with respect to T) if s obeys the equivalent conditions 

V r s = or J 1 s = Tos. (4.3.10) 

Let T be a connection on a fibre bundle Y — > X. Given vector fields r, r' on X and 
their horizontal lifts Yr and Yr' (4.3.3) on Y, let us consider the vertical vector field 

R(r, t') = Y[r, r'\ - [Yr, Yr'] = rVi^ft, (4.3.11) 

K = ^r; - d,Y\ + r&rj, - y^y\. (4.3.12) 

It can be seen as the contraction of vector fields r and r' with the vertical- valued horizontal 
two-form 

R=^\T, r] FN = -R^dx* A dx? <g> ft (4.3.13) 

on Y called the curvature form of a connection Y. 

Given a connection Y and a soldering form a, the torsion of Y with respect to o is 
defined as the vertical-valued horizontal two-form 

T = [r, cr] fn = (ft^ + - d 3 Y\^)dx x A da;" ® 9,. (4.3.14) 
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4.3.2 Flat connections 

A flat (or curvature-free) connection is a connection T on a fibre bundle Y — )■ X which 
satisfies the following equivalent conditions: 

• its curvature vanishes everywhere on Y; 

• its horizontal distribution is involutive; 

• there exists a local integral section for the connection T through any point y G Y. 
By virtue of Theorem 4.1.15, a flat connection T yields a foliation of Y which is 

transversal to the fibration Y — > X. It called a horizontal foliation. Its leaf through a 
point y G Y is locally defined by an integral section s y for the connection V through y. 
Conversely, let a fibre bundle Y — > X admit a horizontal foliation such that, for each point 
y G Y, the leaf of this foliation through y is locally defined by a section s y of Y — > X 
through y. Then the map 

r : Y 9 y H> j\ y) s y G J X Y 

sets a flat connection on Y — > X. Hence, there is one-to-one correspondence between the 
flat connections and the horizontal foliations of a fibre bundle Y — > X. 

Given a horizontal foliation of a fibre bundle Y — > X, there exists the associated atlas 
of bundle coordinates (x A , y l ) on Y such that every leaf of this foliation is locally given by 
the equations y l =const., and the transition functions y % — > y n (y-') are independent of the 
base coordinates x x [14]. It is called the atlas of constant local trivializations. Two such 
atlases are said to be equivalent if their union also is an atlas of the same type. They are 
associated to the same horizontal foliation. Thus, the following is proved. 

Theorem 4.3.1: There is one-to-one correspondence between the flat connections T on a 
fibre bundle Y — >■ X and the equivalence classes of atlases of constant local trivializations 
of Y such that T = dx x <g) d\ relative to the corresponding atlas. □ 

Example 4.3.2: Any trivial bundle has flat connections corresponding to its trivializations. 
Fibre bundles over a one-dimensional base have only flat connections. 



4.3.3 Linear connections 

Let Y — > X be a vector bundle equipped with linear bundle coordinates (x x , y l ). It admits 
a linear connection 

r = dx x ® (<9 A + T \ j(x)y-i di) . (4.3.15) 

There are the following standard constructions of new linear connections from old ones. 

• Any linear connection T (4.3.15) on a vector bundle Y — > X defines the dual linear 
connection 

T* = dx x <g) (d x - T x \{x)y 3 d l ) (4.3.16) 
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on the dual bundle Y* — >■ X. 

• Let r and T' be linear connections on vector bundles Y — > X and Y' — > X, respec- 
tively. The direct sum connection r © V on the Whitney sum Y © Y' of these vector 
bundles is defined as the product connection (4.3.6). 

• Similarly, the tensor product Y © Y' of vector bundles possesses the tensor product 
connection 



r © r' = dx > 



(4.3.17) 



The curvature of a linear connection T (4.3.15) on a vector bundle Y — > X is usually 
written as a F-valued two-form 

R = ^R Xfl l j (x)y j dx x A dx 1 * © e h (4.3.18) 

ttX/j, j — d\L fj, j C M 1 a j + 1 A /i h — 1 /u jt a hi 

due to the canonical vertical splitting VY = Y x Y, where {di} = {e,j}. For any two 
vector fields r and r' on X, this curvature yields the zero order differential operator 

R(T,T')s = ([V T T ,V r T ,]-V\ Ty] )s (4.3.19) 

on section s of a vector bundle F — > X. 

An important example of linear connections is a connection 

K = dx x © (9a + K^rfd^ (4.3.20) 

on the tangent bundle TX of a manifold X. It is called a world connection or, simply, a 
connection on a manifold X. The dual connection (4.3.16) on the cotangent bundle T*X 
is 

K* = dx x © (<9 A - K^^x^). (4.3.21) 
The curvature of a world connection K (4.3.20) reads 

R = ]-R Xfl a p x p dx x A dx<* © d a , (4.3.22) 
Rx^p = dxKfj 01 ^ - d II K x a i3 + Kx 1 pK^j - K^< pK x a 1 - 

Its Ricci tensor Rxp = Rx^/3 is introduced. 

A torsion of a world connection is defined as the torsion (4.3.14) of the connection 
K (4.3.20) on the tangent bundle TX with respect to the canonical vertical-valued form 
dx x © d\. Due to the vertical splitting of VTX, it also is written as a tangent-valued 
two-form 

T = 1 -T il v x dx x A dx» © d v , T/ A = X/a - K x \, (4.3.23) 
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on X. A world connection (4.3.20) is called symmetric if its torsion (4.3.23) vanishes. 
For instance, let a manifold X be provided with a non-degenerate fibre metric 

ge\/0\X), g = g x ^dx x ®dx^ 
in the tangent bundle TX, and with the dual metric 

ge\/T\X), g=g^d x ®d„ 

in the cotangent bundle T*X. Then there exists a world connection K such that g is its 
integral section, i.e., 

V x g a ? = d x g a ? - g^K x K t - g^K x % = 0. 

It is called the metric connection. There exists a unique symmetric metric connection 

K x \ = { x %} = -\g up {d x g p , + d,g pX - 8 p g x ,). (4.3.24) 

This is the Levi-Civita connection, whose components (4.3.24) are called Christoffel sym- 
bols. 

4.3.4 Composite connections 

Let us consider the composite bundle Y — > E — > X (4.1.10), coordinated by (x x , <r m , y l ). 
Let us consider the jet manifolds J X S, J^F, and J l Y of the fibre bundles E — > X, Y — > E 
and Y — > X, respectively. They are parameterized respectively by the coordinates 

There is the canonical map 

q : J : E x 4Y J% y\og = y >™ + ft. (4.3.25) 

Using the canonical map (4.3.25), we can consider the relations between connections on 
fibre bundles Y ->• X, F ->■ E and E ->• X [30, 43]. 

Connections on fibre bundles F — )■ X, F — > E and E — >■ X read 

7 = dx x ® (d x + ^dm + l l A), (4.3.26) 
A s = dx x ® (9 A + + rfa m ® (9 m + A^di), (4.3.27) 
r = rfa; A ®(9 A + r^ m ). (4.3.28) 
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The canonical map g (4.3.25) enables us to obtain a connection 7 on Y — )■ X in accordance 
with the diagram 



(T,A) 



7 



sxr < — f 



This connection, called the composite connection, reads 

1 = dx x ® [d x + T™d m + (4 + A^)di\. (4.3.29) 

It is a unique connection such that the horizontal lift 7r on Y of a vector field r on X by 
means of the connection 7 (4.3.29) coincides with the composition A^(Tr) of horizontal 
lifts of r onto S by means of the connection T and then onto Y by means of the connection 
Ay,. For the sake of brevity, let us write 7 = Ay o T. 

Given the composite bundle F (4.1.10), there is the exact sequence 

->■ Vt,y -^yy^FxyE^o, (4.3.30) 

where V^Y denotes the vertical tangent bundle of a fibre bundle F — > £ coordinated by 
(x x , a m , y l , y l ) . Let us consider the splitting 

£ : VY 3 v = tfdi + a m d m ^ v\B = (4.3.31) 

(tf-d m Bl)d t eVY,Y, 

B = (dy* - B { m da m ) <g> d t E V*Y ® F S F, 

of the exact sequence (4.3.30). Then the connection 7 (4.3.26) on F — >■ X and the splitting 
£? (4.3.31) define a connection 

A s = B o 7 : TF -> FF ->■ F S F, 

Ay = dx x ® (0 A + ( 7 * - fl^M) + (4-3.32) 
da m ®(d m + Bi n d l ), 

on the fibre bundle F — >■ E. 

Conversely, every connection A s (4.3.27) on a fibre bundle F — > S provides the split- 
ting 

yy = y s y©A s (Fxi/E), (4.3.33) 

ij% + d m 9 m = (f - A^& m )di + & m (d m + A^di), 

of the exact sequence (4.3.30). Using this splitting, one can construct the first order 
differential operator 

D : J l Y ^T*X®VyY, D = dx x ®(y i x -A i x -A i m a™)d i , (4.3.34) 
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called the vertical covariant differential, on the composite fibre bundle Y — > X. 

The vertical covariant differential (4.3.34) possesses the following important property. 
Let h be a section of a fibre bundle £ — >■ X, and let Y h — > X be the restriction of a fibre 
bundle Y ->• E to /i(X) C S. This is a subbundle 4 : 7 ft -> 7 of a fibre bundle F ->■ X. 
Every connection A s (4.3.27) induces the pull-back connection 



on Yh — > X. Then the restriction of the vertical covariant differential D (4.3.34) to 
J 1 ih{J 1 Yh) C J X Y coincides with the familiar covariant differential D Ah (4.3.8) on F^ 
relative to the pull-back connection Ah (4.3.35). 



A h = i* h Ax = dx x <g) [d x + {(Al o h)d x h m + (A o 



(4.3.35) 
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